arXiv: 1504.0258 lv5 [math.OC] 13 Oct 2015 


A Donsker delta functional approach to optimal insider 
control and applications to finance 

Olfa Draouifi and Bernt 0ksendafi’^’'^ 

13 October 2015 


Abstract 

We study optimal insider control problems, i.e. optimal control problems of stochas¬ 
tic systems where the controller at any time t, in addition to knowledge about the 
history of the system up to this time, also has additional information related to a 
future value of the system. Since this puts the associated controlled systems outside 
the context of semimartingales, we apply anticipative white noise analysis, including 
forward integration and Hida-Malliavin calculus to study the problem. Combining this 
with Donsker delta functionals we transform the insider control problem into a classi¬ 
cal (but parametrised) adapted control system, albeit with a non-classical performance 
functional. We establish a sufficient and a necessary maximum principle for such sys¬ 
tems. Then we apply the results to obtain explicit solutions for some optimal insider 
portfolio problems in financial markets described by Ito-Levy processes. Finally, in the 
Appendix we give a brief survey of the concepts and results we need from the theory 
of white noise, forward integrals and Hida-Malliavin calculus. 
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1 Introduction 

In this paper we present a general method for solving optimal insider control problems, i.e. 
optimal stochastic control problems where the controller has access to some future infor- 
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mation about the system. This inside information in the control process puts the problem 
outside the context of semimartingale theory, and we therefore apply general anticipating 
white noise calculus, including forward integrals and Hida-Malliavin calculus. Combining 
this with the Donsker delta functional for the random variable Y which represents the inside 
information, we are able to prove both a sufficient and a necessary maximum principle for 
the optimal control of such systems. 

We then apply this machinery to the problem of optimal portfolio for an insider in a jump- 
diffusion hnancial market, and we obtain explicit expressions for the optimal insider portfolio 
in several cases, extending results that have been obtained earlier (by other methods) in |PK] , 
[B0], pM0P2| and fCM] . 

We now explain this in more detail: 


The system we consider, is described by a stochastic differential equation driven by a 
Brownian motion B[f) and an independent compensated Poisson random measure N{dt, dQ, 
jointly dehned on a filtered probability space (hi, F = {Bt}t>o, P) satisfying the usual condi¬ 
tions. We assume that the inside information is of initial enlargement type. Specihcally, we 
assume that the inside hltration El has the form 


m where 'Ht = BtyY (1.1) 

for all t, where y is a given J^^g-measurable random variable, for some Tq > T (both 
constants). Here and in the following we choose the right-continuous version of El, i.e. we 
put Tit = l-it+ We assume that the value at time t of our insider control process 

u{t) is allowed to depend on both Y and In other words, u is assumed to be H-adapted. 

Therefore it has the form 

u{t,u) = ui{t,Y,u) (1.2) 

for some function ui : [0,T] x M x hi —)■ M such that Ui(t,y) is F-adapted for each y E M. 

For simplicity (albeit with some abuse of notation) we will in the following write u in stead 

of Ml. Consider a controlled stochastic process X{t) = X^(t) of the form 

dX{t) = bit, Xit),uit), Y)dt + ait, Xit),uit), Y)dBit) 

Y Ll{'tiXif)iUit),Y,C)Nidt,dC)-, t>0 (1.3) {eql.3} 

X(0) = X, x G M, 

where M(t) = uit,y)y=Y is our insider control and the (anticipating) stochastic integrals 
are interpreted as forward integrals, as introduced in [RV] (Brownian motion case) and in 
[DM0P1] (Poisson random measure case). A motivation for using forward integrals in the 
modelling of insider control is given in [B0| . We assume that the functions 

bit, X, u, y) = bit, x,u,y,u) : [0, Tq] x M x M x M x hi M 
ait, X, u, y) = ait, x,u,y,u) : [0, Tq] x M x M x M x hi i-g- M 
'fit, X, u, y, () = 'fit, x,u,y, (,u) : [0, To] x R x R x M x R x hi i—)■ M 

(1.4) 


{eql.l} 


{eql.2} 
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are given bounded functions with respect to x and u and adapted processes in (t, oj) for 
each given x, y, u, and that the forward integrals are well-dehned. Let ^ be a given family 
of admissible H—adapted controls u. The performance functional J{u) of a control process 
M G ^ is dehned by 

J{u) = E[[ f{t,X{t),u{t),Y)dt + g{X{T),Y)], (1.5) 

Jo 


where 


f{t, x,u,y) : [0; T] x M x U x M t-G- M 

g{x, I/) : M X R t-G- M (1.6) 

are given bounded functions, with respect to x and u. The function / and g is called the 
profit rate and terminal payoff, respectively. For completeness of the presentation we allow 
these functions to depend explicitly on the future value Y also, although this would not be 
the typical case in applications. But it could be that / and g are influenced by the future 
value Y directly through the action of an insider, in addition to being influenced indirectly 
through the control process u and the corresponding state process x. 

We consider the problem to hnd u* & A such that 

sup J{u) = J{u*). (1.7) {eql.5} 

uGA 

We use the Donsker delta functional of Y to transform this anticipating system into a classi¬ 
cal (albeit parametrised) adapted system with a non-classical performance functional. Then 
we solve this transformed system by using modihed maximum principles. 

Here is an outline of the content of the paper: 


• In Section 2 we discuss properties of the Donsker delta functional and its conditional 
expectation and Hida-Malliavin derivatives. 

• In Section 3 we present the general insider control problem and its transformation to 
a more classical problem. 

• In Sections 4 and 5 we present a sufficient and a necessary maximum principle, respec¬ 
tively, for the transformed problem. 

• Then in Section 6 we illustrate our results by applying them to optimal portfolio 
problems for an insider in a hnancial market. 

• Finally, in the Appendix (Sections 7 and 8) we give a brief survey of the concepts and 
results we are using from white noise theory, forward integration and Hida-Malliavin 
calculus. 
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2 The Donsker delta functional 


{donsker} 


{donsker pi 


As in Chapter VI in the book by Plotter [P] , we dehne the regular conditional distribution 
with respect to IFt of a given real random variable Y, denoted by Qt{dy) = Qt{oj, dy), by the 
following properties: 

• For any Borel set ACM, Qt{-, A) is a version of E[lygA|-^ 4 ] 

• For each hxed u, dy) is a probability measnre on the Borel snbsets of M 

It is well-known that snch a regnlar conditional distribntion always exists. See e. g. [B], 
page 79. 

From the reqnired properties of dy) we get the following formula 

[ f{y)Qt{uj,dy) = E[f{Y)\J^t] (2.3) 

Jr 

Comparing with the dehnition of the Donsker delta functional, we obtain the following 
representation of the regular conditional distribution: 

Proposition 2.2 Suppose Qt{uj,dy) is absolutely continuous with respect to Lebesgue mea¬ 
sure on M. Then the Donsker delta functional ofY, Sy^y), exists and we have 

9Jt^ = E\6y(y)\T.] (2.4) 

dy 

A general expression, in terms of Wick calculus, for the Donsker delta functional of an Ito 
diffusion with non-degenerate diffusion coefficient can be found in the amazing paper (EE|. 
See also |MPj . In the following we present more explicit formulas the Donsker delta functional 
and its conditional expectation and Hida-Malliavin derivatives, for Ito-Levy processes: 


Definition 2.1 Let Z : Q ^ M. be a random variable which also belongs to the Hida space 
(iS)* of stochastic distributions. Then a continuous functional 

5z{.)-.R^{S)* ( 2 . 1 ) 

is called a Donsker delta functional of Z if it has the property that 

[ g{z)6z{z)dz = g{Z) a.s. (2.2) 

Jr 

for all (measurable) : M —)■ M such that the integral converges. 

The Donsker delta functional is related to the regular conditional distribution. The con¬ 
nection is the following: 
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2.1 The Donsker delta functional for a class of Ito - Levy processes 

Consider the special case when y is a hrst order chaos random variable of the form 

/3{s)dB{s)+ [ ['ilj{sX)N{ds,dC), for t e [0,To] (2.5) {eq2.5} 

Jo Jm. 

for some deterministic functions /3 7 ^ 0, '0 satisfying 


Y = y(To); where Y{t) = 


fTo 


+ / 'il)‘^{t,Q^{dC)}dt < 00 a.s. 


( 2 . 6 ) 


We also assume that the growth condition fl8.4p holds throughout this paper. 

In this case it is well known (see e.g. |M0P] . |D0] . Theorem 3.5, and |D0P] . |D0j l that 
the Donsker delta functional exists in (iS)* and is given by 


^Y{y) = 7^ [ 

Jr Jo 


rTo 


rTo 


(e“P("’^) - l)iV(ds, dC) + / ix(J{s)dB{s) 


rTo r 1 

{ / — 1 — ixi/j{s, ())u{d() — -x'^(J‘^{s)}ds — ixy] dx. (2.7) 


We will need an expression for the conditional expectation 


E[<5y(2/)|J-i]. 


To this end, we proceed as follows: 

Using the Wick rule when taking conditional expectation, using the martingale properties 
of the processes /q— l)N{ds,d() and /3(s)dB(s), we get: 
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E[5y{y)\J^t\ = 




271 



r-To 


-l)N{ds,dC)+ / ix(3{s)dB{s) 





+ / { I -I - ix'ilj{sX))T^{.dQ --x^ I3‘^{s)}ds - ixy\\Bi\dx 


1 






exp 



Jxil>{s,Q 


rTo 


l)N{ds,d() + / ixj3{s)dB{s) 



+ I { I — 1 — ix7jj{sX))i^idC) —-x‘^(3‘^{s)}ds — ixy\J't\]dx 

exp^lf [-l)N{ds,dC)+ [ ix/3{s)dB{s) 


2vr_„ 

f 1 

+ / { / — 1 — ix7jj{sX))^{d() — -x‘^X{s)}ds — ixy]dx 

Jn ./to 





JxipisX) 


l)iV((is, (iC)]} <> {exp* [ / ix/3(s)(ii?(s)]} 


o {exp* 

= — / exp 
2vr ./d 





{ I — 1 — ix'ip{s, ())h'{d() — -x‘^X{.^)}ds — ixy] }dx 



ix7p{sX)N{ds,dC) + / ixPX)dB{s) 


( 2 . 8 ) 





r-To 


(e“^(®’^) — 1 — ia:'0(s, C))i^((iC)'^'5 — / -x^/9^(s)(is — zxy] (ix 

/+ ^ 


Here we have used that (see e.g. | D0| .Lemma 3.1) 


exp 


/■To /"Tb 

[ / za:/9(s)(ii?(s)] = exp [ / ixPX)dB{s) + 

Jo Jo 


1 

2 


r-To 


x^/3^(s)(is] 


(2.9) 


and 



l)iV(d5,dC)] 





ix'tp{sX)N{dsXC)- I / - 1-*a;'0(s,C))«^(c?C)] (2-10) 


E[DtXY{y)\J^X 

where Dt^c, denotes the Hida-Malliavin derivative at (t, C) ^ [0;^] ^ ® with respect to the 
Poisson random measure N\ 
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First, note that 




27r 



rTo 


Dt,jYiy) = — /A,.exp"[/ / / tx(3{s)dB{s) 



+ / { / — 1 — ix'ip{sX))^{dC) ~ I3‘^{s)}ds — ixy\dx 


>0 


1 






exp 



r-To 


- l)iV(cis, dC) + / ix^{s)dB{s) 



+ { - 1 - ix'0(s, C))i^(c?C) - i:x‘^f3^{s)}ds - ixy] 


rTo 


2 

To 


o Dt4 / - l)iV(cis, dC) + / tx(^{s)dB{s) 

Jo Jr Jo 





+ / { / — 1 — ix'ip{sX))^{dC) ~ -jx‘^IJ‘^{s)}ds ~ ixy\dx 


>0 


1 






exp 



r-To 


- l)iV(cis, dC) + / ix^{s)dB{s) 



+ I { I - 1 - ia;'0(s, C))u{dC) - -x‘^f3^{s)}ds - ixy] 


X - l)dx 

Here we have used that 


( 2 , 11 ) 


D,,. / l3MdB(s) = 0, 


^0 

which follows from our assumption that B and N are independent, so for Dt^z the random 
variable B{s) is like a constant. 
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Using equation fl2.11l) and the Wick chain rule we get 





r-To 


dC) + / ix^{s)dB{s) 


1 

2 ‘ 



fTo 


'g*xV;(s,c) _ i)jv(ds, dC) + / ix^{s)dB{s) 


1 




exp [ 




1 

2 ‘ 


ixtjj{sX)N{ds,d() + / ix(3{s)dB{s) 
Jo 

rToi 


('g*3;p(s,c) _ _ ixTjj{s, ())u{d()ds — j ^x^f3‘^{s)ds — ixy\ 

X - l)cia;. (2.12) 

Next we want to find 

where Dt denotes the Hida-Malliavin drivative at t with respect to Brownian motion B: 
Note that: 


DtSviy) = IT 

27r ./™ 







fTo 


- l)iV(ds,dC) + / ixXs)dB{s) 



+ / { / — 1 — ix'ip{s, ())u{d() — -T^/9^(s)}cis — dx 









fTo 


- l)iV(ds, dC) + / ixXs)dB{s) 



+ / { / — 1 — ix'ip{s, ())u{d() — -x^/9^(s)}ds — ix?/] 




o Dt 



- l)iV(ds, dC) + / ixl3{s)dB{s) 


fTo 





+ / { / — 1 — ix'ijj{s, ())i'{dC) — -T^/9^(s)}ds — ix?/] dx 




= — / exp 

2vr ./ro 


fTo 





fTo 


l)iV(ds,dC)+ / ixj3{s)dB{s) 


+ / { / — 1 — ix'ijj{s, ())i'{dC) — -x‘^X{s)}ds — ixy] 

Jo Jr 2 

ix(3(t)dx 


X 


(2.13) 




Here we have used that 


j-To 

Dt I [e 
Jo J 


ixtpisX) 


l)N{ds, d() = 0, 


which follows from the assumption that B and N are independent, so for Dt the random 
variable N{s,Q is like a constant. 

Using equation fl2.13l] and the Wick chain rule we get 


r-To 


ElDMvm = — /E[expq/ l(e 


ix'ipisX) 


rTo 


l)N{ds,d() + / ixj3{s)dB{s) 


+ [ { [- 1 - ix'0(s, C))j^{dC) - ^x‘^P^{s)}ds - ixy] 

Jo ^ 

X ix(3{t)dx\JFt\dx 

r-To r rTo 


= ^ yE[exp"[y ji 


e“^(*’^)-l)iV(ds,dC)+ / ixf3{s)dB{s) 


+ [ { [- 1 - ix^jJ{s, C))i^idC) - }-x‘^P^{s)}ds - ixy] \J^t] 

Jo Jr ^ 

X ix{3(t)dx 

= — f exp [ [ f ix'i/j{s,()N{ds,d() + f ix(5{s)dB{s) 

27r Jr Jo Jr Jo 

rTo r rTo i 

+ / / — 1 — ixip{s, ())u{d()ds — / -x‘^(3‘^{s)ds — ixy] 


X ix{3(t)dx. 

2.2 The Donsker delta functional for a Gaussian process 

Consider the special case when U is a Gaussian random variable of the form 

Y = U(To); where Y{t) = f (J{s)dB{s), for t G [0,To] 

Jo 

for some deterministic function fj G L^[0,To] with 

ll/^ll|,T] •= y (J{sYds > 0 for all t G [0,T]. 

In this case it is well known that the Donsker delta functional is given by 

iy-yr\ 


(2.14) 


(2.15) {eq5.47} 


Sriy) = {2 ttv) 2 exp^[- 


2v 


(2.16) 


(2.17) 


where we have put v := ||/5||^oTo]- |Aa0U| , Proposition 3.2. Using the Wick rule 

when taking conditional expectation, using the martingale property of the process Y(t) and 
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applying Lemma 3.7 in |Aa0U| we get 


E[5Y{y)\J^t] = i^TTv) 2exp^[-E[ 


iyiTo)-y) 


o2 


H] 


= M^\\fo,To]) 

= (27r||/3|lfi_7,^])"^exp[- 


2v 

iyit)-yr 


Similarly, by the Wick chain rule and Lemma 3.8 in |Aa0U] we get, for t G [0,T], 

E\DMvm = -El(2xt,)-jexp»|-AhhziA]oW£L:l,3(()|_F,J 

. -(2x||,||f,..,)-lexp|-(^l^,W. 


(2.18) 


(2.19) 


2.3 The Donsker delta functional for a Brownian-Poisson process 

Next, assume that Y = Y{To), with 

Y{t) = ^B{t) + N{t); 0<t<To (2.20) 

where /3 7 ^ 0 is a constant. Here N{t) = N{t) — At, where N{t) is a Poisson process with 
intensity A > 0. In this case the Levy measure is = X6i{d() since the jumps are of size 

1. Comparing with fl2.7p and by taking -0 = 1, we obtain 

^riy) = ^ [ exp^ [(e“-l)iV(To)+ia;/3H(To) + ATo(e“-l-ia:)--^x^/3^To-ia:|/]da: (2.21) 

Jr Z 

By using the general expressions fl2.8l) and fl2.12p in Section 2.1, we get: 


E[(5y(|/)|J)] = / F{t,x)dx, 


( 2 . 22 ) 


where 

F{t, x) = — exp \ixN{t) + ix/dBit) + A(To — t)(e“ — 1 — ix) - x^(5‘^(Tq — t)— ixy'\. (2.23) 

27r ^ 2 


This gives 


and 


E[Dt5Y{y)\Bt] = / F{t,x)ix(ddx 

Jr 

E[Dt,i6Y{y)\J^t] = [ F{t,x){F^-l)dx. 


(2.24) 

(2.25) 


{Brow-PoisE 

{eq2.22} 

{eq2.22a} 
{eq2.23} 
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3 The general insider optimal control problem 

We now present a general method, based on the Donsker delta functional, for solving op¬ 
timal insider control problems when the inside information is of initial enlargement type. 
Specifically, let us from now on assume that the inside hltration El has the form 

HI = where Ut = Tt'^Y (3.1) 

for all f, where Y G L‘^{P) is a given J^To-Kieasurable random variable, for some Tq > T. We 
also assume that Y has a Donsker delta functional Syiv) G (*5)*. We consider the situation 
when the value at time t of our insider control process u{t) is allowed to depend on both Y 
and Pf In other words, u is assumed to be H-adapted. Therefore it has the form 

u{t,u) = Ui{t,Y,u) (3.2) 

for some function Ui : [0, T] x M x D — )■ M such that Ui(t,y) is F-adapted for each y E M.. 
For simplicity (albeit with some abuse of notation) we will in the following write u in stead 
of Ml. Consider a controlled stochastic process X(t) = X^(t) of the form 

r dX{t) = bit, Xit),uit), Y)dt + ait, Xit),uit), Y)dBit) 

\ +/R7(i,^(^),'«(i),I^,C)IV(df,dC); ^>0 (3.3) 

[ X(0) = X, a; G M, 

with coefficients as in fll.3p . and where uit) = uit,y)y=Y is our insider control. As pointed 
out in the Introduction we interpret the stochastic integrals as forward integrals. 

Then X(f) is H-adapted, and hence using the definition of the Donsker delta functional Syiy) 
of Y we get 

Xit) = xit,Y) = xit,y)y=y = [ xit,y)5yiy)dy (3.4) 

JlR 

for some ^/-parametrized process xit, y) which is F-adapted for each y. Then, again by the 
dehnition of the Donsker delta functional and the properties of forward integration (see 


{H-t} 


{u(t)} 


{richesse} 


{eq6} 
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Lemma 7.20 and Lemma 8.12), we can write 


X(t)=x+ / b{s,X{s),u{s),Y)ds + / a{s, X{s),u{s),Y)dB{s) 


y(s,X(s),u(s), Y, C)N{ds, dC) 


= x+ / b{s,x{s,Y),u{s,Y),Y)ds + / a{s,x{s,Y),u{s,Y),Y)dB{s) 



+ 



7 (s, x{s, Y),u{s, Y), Y, C)N{ds, dC) 


= x+ b{s,x{s,y),u{s,y),y)y=Yds + / a{s, x{s,y),u{s,y),y)y=YdB{s) 


+ 



'0 


= X + 



7 (s, x{s, y),u{s, y), y, C)y=YN{ds, dQ 


b{s,x{s,y),u{s,y),y)5Y{y)dyds+ / / a{s,x{s,y),u{s,y),y)5Y{y)dydB{s) 

Jo Jr 

7 (s, a:(s, y),u{s, y),y, C)5y(2/)iV(ds, dC) 



>0 
= X + 

+ 




b{s,x{s,y),u{s,y),y)ds+ / a{s, x{s,y),u{s,y),y)dB{s) 


7 (s, x{s, y),u{s, y),y, C)N{ds, dC)]5Y{y)dy 


(3.5) 


Comparing fl3.4p and fl3.5p we see that (13.41) holds if we choose x{t, y) for each y as the 
solution of the classical SDE 


dx{t, y) = b{t, x{t, y),u{t, y),y)dt + a{t, x{t, y),u{t, y),y)dB{t) 
+ lR 7 i't,x{t,y),u{t,y),y,C)N{dt,dC); t > 0 
a;(0, y) = X, a; G M, 


(3,6) 


Let ^ be a given family of admissible H—adapted controls u. The performance functional 
J{u) of a control process m G ^ is dehned by 


J{u) = E[ f{t,X{t),u{t))dt + g{X{T))] (3.7) 

Jo 

= E )/{[ f{t,x{t,y),u{t,y),y)E[5Y{y)\iFt]dt + g{x{T,y),y)E[5Y{y)\J^T]}dy] 

Jr Jo 

We consider the problem to hnd u* ^ A such that 

sup J(m) = J(m*). (3.8) 

uGA 


{eq7} 


{eq8} 


{problem} 
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4 A sufficient maximum principle 

The problem fl3.8p is a stochastic control problem with a standard (albeit parametrized) 
stochastic differential equation fl3.6p for the state process x{t,y), but with a non-standard 
performance functional given by fl3.7p . We can solve this problem by a modihed maximum 
principle approach, as follows: 

Define the Hamiltonian i7:[0,T]xRxMxI[JxMxMx7^xr2—)-Mby 
H{t,x,y,u,p,q,r) = H{t,x,y,u,p,q,r,uj) 

= E[6Y{y)\J^t\f{t,x,u,y) + b{t,x,u,y)p + a{t,x,u,y)q+ / -f{t,x,u,y)r{y,C)i^{dC). (4.1) 

Jr 

Here TZ denotes the set of all functions r{y, .) : M —)■ M such that the last integral above 
converges, and p,q,r{.) are called the adjoint variables. We dehne the adjoint processes 
pity y)y jit, y),i^it, y, C) cls the solution of the ^/-parametrized BSDE 

dpit,y) =-^it,y)dt + q{t,y)dB{t) +J^r{t,y,C)Nidt,dC); 0<t<T , . 

piT,y) = g'{xiT,y),y)E[6Yiy)\J^T] ^ ’ 

Let J(m(.,//)) be defined by 

Jiui-yy)) = E[ /" f{t,xit,y),uit,y),y)E[5Yiy)\Bt]dt + gixiT,y),y)E[5Yiy)\BT\]- (4.3) 
Jo 

Then, comparing with fl3.7l) we see that 


J(m)= / Jiu{-,y)dy. 


(4.4) 


Thus it suffices to maximise J{u,y) over u for each given parameter y. Hence we have 
transformed the original problem fl3.8p to the following: 


Problem 4.1 For each given // G M, jind u*{-,y) G A such that 

sup J{u{-,y)) = J{u*{-,y)). 

u{.,y)eA 


(4.5) 


This is a classical (but //-parametrised) stochastic control problem, except for a non-standard 
performance functional fl4.3p . 

To study this problem we present two maximum principles. The first is the following: 
Theorem 4.2 [Sujficient maximum principle] 

Let it E A with associated solution xit,y),p{t,y),q{t,y), fit,y,C) of 03.61) and 04.21) . Assume 

that the following hold: 


1. X ^ gix) is concave 


{eqll} 


{eql2} 


{J(u)2} 


{problems} 
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2 . {x,u) ^ H{t,x,y,u,p{t,y),q{t,y),r{t,y,C)) is concave for all t,yX 

3. sup^^jjH{t,x{t,y),w,p{t,y),q{t,y),r{t,yX)) = H{t,x{t,y),u{t,y),p{t,y),q{t,y),r{t,yX)) 
for all t,yX- 


Then u{-,y) is an optimal insider control for problem 

Proof. By considering an increasing sequence of stopping times converging to T, we 
may assume that all local integrals appearing in the computations below are martingales 
and have expectation 0. See |0S2] . We omit the details. 

Choose arbitrary u{.,y) G A, and let the corresponding solution of fl3.6p and fl4.2p be x(t, y), 
Pit,y), For simplicity of notation we^write f{t,y) = f{t,x{t,y),u{t,y)), f{t,y) = 

f(t,x(t,y),u{t,y)) and similarly with h{t,y), b(t,y), a(t,y), a(t,y) and so on. 

Moreover, we write f{t,y) = f{t,y)-f{t,y),b{t,y) = b{t,y)-b{t,y), x{t,y) = x{t,y)-^t,y). 
Consider 

J{u{.,y)) - J{u{.,y)) = Ii + h, 

where 


Ji = E[ r{f{t,y) - f{t,y)}E[6Yiy)\J^t]dt], h 
By the definition of H we have 


E[{g{x{T,y))-g{x{T,y))}E[5Y{y)\:FT\]. 

(4.6) {I_1I_2} 


h 


E[ [ {H(t, y)-H(t, y) - p{t, y)h{t, y) - g(f, y)(j{t, y) 

Jo 

[ f{t,yX)3it,yX)t^idC)}dt]. 

Jr 


(4,7) 


Since g is concave we have by fl4.2p 
h < E[g'ixiT,y))E[6Y{ym{x{T,y)-x{T,y))] = E[p{T,y)T{T,y)] 
= E[ p{t,y)dx{t,y)+ x{t,y)dp{t,y)+ d[p,x]t\ 


(4.8) {II_2} 


= E[ p{t,y){b{t,y)dt +a{t,y)dB{t) + / j{t,y,C)N{dt,dC)) 


dH I 

— {t,y)x{t,y)dt+ / q{t,y)x{t,y)dB{t) + 


x{t,y)r{t,y,C)N{dt,dO 


(x{t,y)q{t,y)dt + 


7{t,yX)f{t,y,C)j^{dC)dt + 


l{'t,yX)r{t,y,C)N{dt,dC)] 


= E[ p{t,y)b{t,y)dt- 


dH 

dx 


{t,y)x{t,y)dt + / a(t)q{t)dt + 


3{t,yX)r{t,y,C)i^{dC)dt]. 
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Adding fl4.7p - fld.Sp we get, by concavity of H, 



since u{.,y) = u{.,y) maximizes H{.,y) at t. 


□ 


5 A necessary maximum principle 

We proceed to establish a corresponding necessary maximum principle. For this, we do not 
need concavity conditions, but in stead we need the following assumptions about the set of 
admissible control values: 

• Ai. For all to G [0,T] and all bounded "Hjo-measurable random variables a{y,u), the 
control 9{t,y,u)) := l[tQ^T]it)a{y,u)) belongs to A. 

• A 2 . For all u] (3 q E A with (3o(t, y) < K < 00 ior all t, y dehne 


y) = I/), aU) A 1 > 0 


(5.1) {delta} 


and put 


/d{t,y) = S{t,y)/3o{t,y). 


(5.2) {beta(t,y)] 


Then the control 


u{t,y) = u{t,y) + a(3{t,y); t E [0,T] 


belongs to A for all a E (—1,1). 


• A3. For all {3 as in fl5.2l) the derivative process 


X{t,y) ■= ^x^^^^{t,y)\a=o 
da 


exists, and belong to L^(A x P) and 



(5.3) (d chi} 
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Theorem 5.1 [Necessary maximum principle] 

Let it E A. Then the following are equivalent: 

1. + a/3)(., |/))|a=o = 0 for all hounded (3 E A of the form USA) . 

2. ^{t,y)u=u = 0 for allt E [0,T]. 

Proof. For simplicity of notation we write u instead of it in the following. 

By considering an increasing sequence of stopping times converging to T, we may assume 
that all local integrals appearing in the computations below are martingales and have ex¬ 
pectation 0. See |0S2] . We omit the details. 

We can write 

— J((m -f aP){.,y))\a=o = h + h 


where 


h = f f{t,x^^‘^f^{t,y),u{t,y) + aP{t,y),y)E[6Y{y)\J^t\dt]\ 

J 0 


a=0 


and 

By our assumptions on / and g and by (14. 2 h we have 

h = + ^{t,y)ld{t,y)]E[5Y{y)\J^t]dt] 

I 2 = E[g\x{T,y),y)x{T,y)E[5Y{y)\:FT\] = E[p{T,y)x{T,y)] 


(5.4) {iiil} 

(5.5) {iii2} 
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By the Ito formula 


X{t:y)dp{t,y)+ f d[x,p]{t,y)] (5.6) 

Jo 

db db 

= E[y p{t,y){-^{t,y)x{t,y) +-^{t,y)l3{t,y)}dt 

+ p{t,y){^{t,y)x{t,y) + ^{t,y)P{t,y)]dB{t) 

+ [ [ pit,y){^it,yX)x{t,y)+ ^{t,yX)P{t,y)}N{dt,dC) 

Jo Jr d)x ou 

pT Off r 

- / x{t,y)^{t,y)dt+ / x{t,y)q{t,y)dB{t) + / / x{t,y)r{t,yX)N{dt,dC) 

Jo Jo Jo Jr 

+ q{t,y) + yXit,y)}dt 

+ J {^{t,y,C)x{t,y) + ^{t,y,C)X't,y)}r{,t,y,C)j^{Odt] 

= E[^ x{'t,y){p{t,y)^it,y) + q{t,y)^{t,y)-^{t,y) + j ^{t,yX)r{t,yXXidC)}dt 
+ IJ{t,y){p{t,y)^{t:y) +q{t:y)^{t.y) + j ^{t.yXy{t,yXX{dQ}dt] 

= J x{t,y)^E[5Y{y)\J^t]dt +j {^{t,y) - ^{t,y)E[5Y{y)\J^t]}X't,y)dt] 

pT ^TT 

= -/i + E[y —{t,y)Xt,y)dt]. 

Summing fl5.4p and fl5.6p we get 


h = E[p{T,y)x{T,y)] = E[ pXy)dx{t,y) + 


d X rtPf 

— J{{u + aX{-,y))\a=o = Ii + l 2 = HJ -^{t,y)Xt,y)dt]. 
we conclude that 

^J((m + aX{-,y))\a=o = 0 
da 

if and only if E[Jq^ y)fJ{'t, y)dt] = 0 for all bounded fJ E A oi the form 05.21) . 


In particular, applying this to /S(t,|/) = 0(t,y) as in Al, we get that this is again equivalent 
to 

f)M 

-^i't,y) = 0 for all t e [0,T]. 

□ 
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6 Applications 

In the following we assnnie that 

E[ r{E[D,SY{y)\J^t? + [ E[D,Jy{y)\J^,]Mdz)}dt] < oo. (6.1) 

Jo Jr 

6.1 Utility maximization for an insider, part 1 (N=0) 

Consider a hnancial market where the nnit price S'o(t) of the risk free asset is 

S'o(t) = 1, t E [0,T] (6.2) {riskfree} 

and the nnit price process S(t) of the risky asset has no jnmps and is given by 


dS{t) = S{t)[bo{t,Y)dt + ao{t,Y)dB{t)]; t E [0,T] 

^( 0 ) > 0 . 


(6.3) {eq5.2} 


Then the wealth process X(t) = X^(f) associated to a portfolio u(t) = n(f), interpreted 
as the fraction of the wealth invested in the risky asset at time t, is given by 


\dX{t) =U{t)X{t)[bo{t,Y)dt + ao{t,Y)dB{t)]; tG[0,T] 
I^X(O) = Xo > 0. 

Let U he a. given ntility function. We want to hnd 11* G .4, such that 


(6.4) {eq5.3} 



j(n*) = sup j(n). 

(6.5) 

{eql7} 


ne.4 



where 

J(n) := E[U{X^{T))]. 

(6.6) 

{eql8} 

Note that. 

in terms of our process x{t, y) we have 




\dx{t,y) = Ti{t,y)x{t,y)[bQ{t,y)dt + aQ{t,y)dB{t)]] tE [0,T] 

(6.7) 

{Wealth} 


and the performance functional gets the form 


J{7r) =E[U{x{T,y))E[5Y{y)\J^T]]. 

This is a problem of the type investigated in the previous sections (in the special case with 
no jumps) and we can apply the results there to solve it, as follows: 

The Hamiltonian gets the form, with u = tt, 


H{t,x,y,7r,p,q) = 7rx[bo{t,y)p + ao{t,y)q] 


(6.8) {eql9} 
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while the BSDE for the adjoint processes becomes 


<lp(t,v) =-Tr{t,v)[ba(t,y)p(t,y) + tTo(t,y)q{t,y)]dt + q{t,y)dB(t)\ «e|0,r] 

p{T,y) =U'{x(T,y))W.[Sy(y)\TT\ I ■ ) t 


Since the Hamiltonian is a linear function of tt, it can have a finite maximum over all 
TT only if 

x{t,y)[hQ{t,y)p{t,y) + aQ{t,y)q{t,y)] = Q (6.10) {eq2l} 

Substituted into fl6.9p this gives 


\dp{t,y) =q{t,y)dB{t) 

\p{T,y) = U\x{T))E[6Y{y)\TT] 

If we assume that, for all t,y, 

x{t,y) > 0, 

then we get from 06.101) that 

Substituting this into 06.lip , we get the equation 


(6.11) {eq22} 


(6.12) {eq23} 

(6.13) 


dp{t,y) =-^^p{t,y)dB{t) 
piT,y) =U'{x{T,y))E[5Y{y)\J^T] 


(6.14) {eq25} 


Thus we obtain that 

Pit,y) =p{0,y)exp{- f ^^y^^dH(s) - ^ (^^y^^)^ds), (6.15) {eq26} 

Jo cro(s,2/) 2 Jo ao{s,y) 

for some, not yet determined, constant p{0,y). In particular, if we put t = T and use 06.14p 
we get 


U\x{T, 2/))E[<5y(i/) \J^t\ = P(0, y) exp(- 



bo{,s,y) 

(^o{s,y) 


dB{s) 



bo{s,y) 

Ms,y) 


fds). 


(6.16) {eq26b} 


To make this more explicit, we proceed as follows: 


Define 

M{t,y) :=E[6Yiy)\J^t] 

Then by the generalized Clark-Ocone theorem 

UM{t,y) =E[DMymdB{t) = <!>it,y)M{t,y)dB{t) 
\M{0,y) = l 


(6.17) 

(6.18) 
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where 




EjPtdYjym 


Solving this SDE for M{t) we get 


M(t)=exp(/ (^{s,y)dB{s)-- <^^{s,y)ds). 


Substituting this into fl6.16p we get 


U\x{T, y)) = p{0, y) exp ( - [ {$(s, y) + 

Jo (^o{s,y) 


1 . bl{s,y) 


+ o {^1^,1/)- 


}ds) =: p{0,y)T{T,y). 


i.e., 

where 


(^ois,y) 

x{T,y)=I{cT{T,y)) 


I = {U') ^ and c = p(0, y). 

It remains to find c. We can write the differential stochastic equation of x{t, y) as 

dx{t, y) = 7r(f, y)x{t, y) y)dt + a^it, y)dB{t)] 
x{T,y)=I{cT{T,y)) 

If we define 

z{t,y) = Ti{t,y)x{t,y)aQ{t,y) 
then equation fl6.24p becomes the linear BSDE 

dx{t, y) = + z{t, y)dB{t) 

x{T,y) = I{cT(T,y)) 

in the unknown {x{t,y), z(t,y)). The solution of this BSDE is 


x{t,y) = 


^o{t,y) 


E[j(cr(T,i/))ro(T,i/)|j-j, 


where 


n ^ r r^o(^^y)^Dr\ ^ f\bo{s,y) 

To{t,y) = exp{- I _ - 


Yds}. 


(6.19) {eql8a} 


( 6 . 20 ) 


( 6 . 21 ) 

( 6 . 22 ) 

(6.23) 

(6.24) 

(6.25) 


{eq20a} 

{eq34} 


{eq35} 

{eq36} 


(6.26) {eq37} 


(6.27) {eq38} 


Jo Ms,y) 2 7o c^o(s, 2 /) 

In particular, 

Xq = x{0,y) = E[I{cT{T,y))To{T,y)]. 

This is an equation which (implicitly) determines the value of c. When c is found, we have 
the optimal terminal wealth x(T,y) given by (I6.26p . Solving the resulting BSDE for z(t,y), 
we get the corresponding optimal portfolio 7i{t,y) by fl6.25p . We summarize what we have 
proved in the following theorem: 


(6.28) 

(6.29) {eq39} 
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Theorem 6.1 The optimal portfolio 11*(t) for the insider portfolio problem fl6.5p is given by 


U*{t)= / 7i*{t,y)6Y{y)dy = 7i*{t,Y), 


(6.30) 


where 


n*{t,y) = 


z{t,y) 


(6.31) 


x{t,y)ao{t,y) 

with x(t, y), z(t, y) given as the solution of the BSDE fl6.26p and c = p{0, y) given by fl6.29p . 


6.2 The logarithmic utility case (N=0) 

We now look at the special case when U is the logarithmic utility, i.e., 

U{x) = Inx; x > 0. 

Recall the equation for x{t,y): 


(6.32) 


dx{t, y) = 7r(t, y)x{t, y) [ho{t, y)dt + ao(t, y)dB{t)] 
x{t),y) = xo > 0 


(6.33) {Wealth} 


By the Ito formula for forward integrals, we get that the solution of this equation is 


a:(t, I/) = xo exp{ / [K{s,y)ho{s,y) --'K‘^{s,y)al{s,y)]ds + j 7r(s,|/)(To(s,2/)dR(s)}. (6.34) {solut 
Jo ^ Jo 


ion j 


Therefore, 


U\x{T,y)) 


11m 1 m 

= -exp{-/ [Tr{s,y)bo{s,y) --7i^{s,y)aQ{s,y)]ds- / 7r{s,y)ao{s,y)dB{s)} 


x{T,y) X 


(6.35) {U’(x(T,y)J 


Comparing with fl6.2ip we try to choose n{s,y) such that 


1 m m X 

-exp{- / 7i{s,y)ao{s,y)dB{s) - [7i{s,y)bo{s,y) --7i‘^{s,y)aQ{s,y)]ds} 

X .In .In Z 


JO 

boi^^y 




= p{0,y)exp{- ms,y) + ’ A dB{s) + - / {s,y) -(6.36) {eq41a} 


r/ 


bl{s,y) 




Thus we try to put 


p{o,y) = 


X 


(6.37) 
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and choose vr(s,|/) such that, using fl6.19l) . 


7i{s,y)ao{s,y) = ^{s,y) + 


bo{s,y) 

f^o(s,|/) 


E[Ds5Y{y)\J's] bo{s,y) 

E[(5y(|/)|J'^] ao{s,y) 


(6.38) 


This gives 

( . bo{s,y) E[DjY{y)\J^s] 


(6.39) 


We now verify that with this choice of 7r(s, y), also the other two terms on the exponents on 
each side of (I6.36p coincide, i.e. that 


7i{s,y)bo{s,y) 


1 

2 


T^^is,y)aQ{s,y) = ^^{s,y) 


bl{s,y) 


(6.40) 


Thus we have proved the following result, which has been obtained earlier in |0R1] by a 
different method: 


Theorem 6.2 The optimal portfolio fl = fl* with respect to logarithmic utility for an insider 
in the market / lh.gl) - (l6.3p and with the inside information IS. 1\) is given by 


n-W 


bo{s,Y) E[B.iy(9)|J-,],.r 

aKsX) Ma,y)niY{y)\r.],.Y 


(6.41) 


Substituting fl2.18p and fl2.19p in fl6.4ip we obtain: 

Corollary 6.3 Suppose that Y is Gaussian of the form Ii2.15\) . Then the optimal insider 
portfolio is given by 


n*(s) 


bo{s,Y{To)) {Y{To)-Y{s))P{s) 
a2(.,r(To))^ao(s,y(To))||/3||2^^/ - " 


(6.42) 


In particular, if T = B(Tq) we get the following result, which was also proved in |PK] . in 
the case when the coefficients do not depend on Y: 

Corollary 6.4 Suppose that Y = B(Tq). Then the optimal insider portfolio is given by 


60 ( 5 , R(To)) B{T,)-B{s) 
a2(s,i?(To)) + ao(t,5(To))(To-s)’ 


0<s<T <To. 


(6.43) 


6.3 Utility maximization for an insider, part 2 (Poisson process 
case) 

Let N{t) be the Poisson process with intensity A > 0. Consider a financial market where the 
unit price So(t) of the risk free asset is 

So{t) = l, te[0,T] (6.44) 


{pi(s,y)} 


{pi(s,y)} 


{eq5.52} 


{eq5.52} 


{riskfree’J 
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and the unit price process S{t) of the risky asset has no jumps and is given by 


dS{t) = S{t)[bo{t,Y)dt + 'yo{t,Y)dN{t)]- te[0,To] 

^( 0 ) > 0 . 


where N = N{t) — Xt is the compensated Poisson process with parameter A. In this case 
the Levy measure is = X6i{d() since the jumps are with size 1. As before y is a 

given random variable whose value is known to the trader at any time t < T < Tq. Then 
the wealth process X{t) = associated to a portfolio u{t) = n(f), interpreted as the 

fraction of the wealth invested in the risky asset at time f, is given by 


dX{t) =n{t)X{t)%{t,Y)dt + -fo{t,Y)dN{t)]] fe[0,T] 

X(0) = xo > 0. 


Let f/ be a given utility function. We want to hnd 11* G Al such that 


J(n*) = sup j(n), 
ne.4 

where 

J(n) := E[t/(A:n(T))]. 

Note that, in terms of our process x{t, y) we have 

\dx{t,y) = 'K{t,y)x{t,y)[ho{t,y)dt + -io{t,y)dN{t)]] te [0,T] 

[x(0,?/) = XQ{y) > 0, 


(6.47) 

(6.48) 


(6.49) 


which has the solution 

x{t, y) = xoiy) exp ( / {7r(s, y)ho{s, y) + \ ln(l + 7r(s, 2/)7o(s, y)) - A7r(s, |/)7o(s, y)}ds 
Jo 

+ [ ln(l + 7r(s,|/)7o(s,|/))diV(s)). (6.50) 

Jo 

The performance functional gets the form 


JiTi) =E[U{x{T,y))E[5Y{y)\J^T]], 


(6.51) 


where 

n(f) = 7r(f,y). (6.52) 

This is a problem of the type investigated in the previous sections, in the special case 
when all the jumps are of size 1. Then the Levy measure gets the form i^ldO = A(5i and 
when we apply the results from the previous section we get: 

The Hamiltonian becomes, with u = tt, 


H{t, X, y, 71, p, r) = 7ix[bo{t, y)p + A 7 o(f, y)r{y, 1)] (6.53) 


{eq5.2>} 

{eq5.3’} 

{eql7>} 

{eql8>} 

{Wealth} 

{eqWealth2j 


{eql9’} 
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while the BSDE for the adjoint processes becomes 


dp{t,y) = -TT{t,y)[bo{t,y)p{t,y) + X'yo{t,y)r{t,y,l)]dt + r{t,y,l)dN{t); te [0,T] 
p{T,y) =U\x{T,y))¥.[5y{y)\J^T] 

(6.54) 

Since the Hamiltonian if is a linear function of tt, it can have a finite maximum over all 
TT only if 

x(f, y) [6o(t, y)p{t, y) + 7 o(t, y)\r{t, y, 1)] = 0 (6.55) 

Substituted into fl6.54p this gives 


dp{t,y) = r{t,y,l)N{dt) 
p{T,y) =U'{x{T))E[6Y{y)\J^T] 


If we assume that, for all t,y, 
then we get from fl6.55p that 


x{t,y) > 0, 


(6.56) 


(6.57) 


(6.58) 


Substituting this into (I6.56p . we get the equation 

dp{t,y) =-^^p{t,y)dN{t) 

p{T,y) =U'{x{T,y))E[5Y{y)\J^T] 

Thus we obtain that (see e.g. |0S1| , Example 1.15) 

p{t,y) = p{0,y) exp{ f ln[l— ]dN{s)+X [ (ln[l— (6.60) 


(6.59) 


A7o(s,|/) 


A7o(s,2/) A7o(s,|/)' 


for some, not yet determined, constant p{0,y). In particular, if we put t = T and use (I6.59p 
we get 


f/'(i(r,!/))E|iv(!,)|7'Tl = p(0, p) exp ( [ lti|l - P^^]dN(s) 

Jo 

rT 


A7o(s,I/) 

bo{.s,y) &o(s,2/) 


+ Ay^ (ln[l ' A7 o(s,|/) 


]+whpH- ( 6 . 61 ) 


To make this more explicit, we proceed as follows: 


Define 


M{t,y) ■.= E[5Y{y)\J^t] 


(6.62) 


{eq20’} 

{eq21>} 

{eq22’} 

{eq23’} 

{eq25’} 

{eq26’} 

{eq26b>} 


24 


















Then by the generalized Clark-Ocone theorem 


M(0,|/) = 1 


where 

Solving this SDE for M{t) we get 




= exp( / lti(l+>I'(s,j/))<i]V(s) + A / [ln(l + ^(s,!/)) - ^(s, !/)|ds) 
Jo Jo 


Substituting this into fl6.6ip we get 


U'{x{T, y)) =p(0, y) exp ( / [ln(l 

Jo 

rT 


bo{s,y) . 
A7o(s,I/)' 


+ A / {[ln(l 


bo{s,y) ^ &o(s, 2 /) 


A7o(s,2/) A7o(s,2/) 


ln(l + T(s,|/))]diV(s) 
[ln(l + T(s,|/)) 


^{s,y)]}ds) =: p{0,y)T{T,y), 


(6.64) 


(6.65) 


( 6 . 66 ) 


i.e., 

x{T,y)=I{cT{T,y)) 

(6.67) 

where 

I = and c = p(0, y). 

(6.68) 

It remains to find c. 

We can write the differential stochastic equation of x{t, y) as 


< 

[ dx{t, y) = 7r(f, y)x{t, y) [bo{t, y)dt + 7 o(t, y)dN{t)\ 

\ x{T,y) = I{cT{T,y)) 

(6.69) 

If we dehne 

Ht,y)) ■= 'x{t,y)x{t,y)-fo{t,y) 

(6.70) 

then eauation fl6.69D becomes the BSDE 



1 dx(t, y) - y)^db + y)dN{t) 

1 x{T,y) = I{crlT,y)) 

(6,71) 


in the unknown {x{t, y), k{t, y)). The solution of this BSDE is 

x{t,v) = ■jT7^E[/(cr(T,!/))r„(T,!/)|7-,], (6.72) 


{eql8a’} 


{eq20a’} 

{eq35>} 

{eq36>} 

{eq37’} 

{eq33’} 
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where 




exp{ 



bo{s,y) ^ 

^7o{s,y) 


+ 


bo{s,y) 

A7o(s,I/) 


]A(i5 -|- 



^h^)iV(*)}. (6.73) 

A7o(s,I/) 


In particular, 

xo = x{0,y) = E[/(cr(T,|/))ro(T,|/)]. (6.74) 

This is an equation which (implicitly) determines the value of c. When c is found, we 
have the optimal terminal wealth x{T,y) given by fl6.7ip . Solving the resulting BSDE for 
k{t,y), we get the corresponding optimal portfolio 7i(t,y) by fl6.70p . We summarize what we 
have proved in the following theorem: 


Theorem 6.5 The optimal portfolio n*(t) for the insider portfolio problem fl6.5p is given by 


U*{t)= [ 7i*{t,y)6Y{y)dy = 7i*{t,Y), 

Jm. 


(6.75) 


where 


T^*{t,y) 


k{t,y) 

x{t,yho{t,y) 


(6.76) 


with x(t,y), k(t,y) given as the solution of the BSDE fl6.71l) and c = p{0,y) given by fl6.74p . 


6.4 The logarithmic utility case (Brownian-Poisson process) 

We now extend the financial applications in the previous sections to the case with both a 
Brownian motion component B{t) and a Poisson process N{t) with intensity A > 0, here we 
have N{t) = N{t) — Xt. Thus we consider a financial market where the unit price So{t) of 
the risk free asset is 

So{t) = l, te[0,T] (6.77) 

and the unit price process S(t) of the risky asset is given by 


|d^(f) =S{t)[bo{t,Y)dt + ao{t,Y)dB{t)+^o{t,Y)dN{t)y, fe[0,T] 

[^(0) >0. ^ ^ 

Then the wealth process X{t) = W^(f) associated to a portfolio u(t) = n(f), interpreted as 

the fraction of the wealth invested in the risky asset at time t, is given by 

idX{t) =n(f)X(t)[5o(t,T)dt + ao(t,y)d5(f)+7o(t,r)diV(t)]; t e [0,T] 

\X(0) = xo > 0. ^ 

Let f/ be a given utility function. We want to find 11* G such that 

J(n*) = sup J(n), (6.80) 

ne.4 


{eq39’} 


{eq6.78} 


{eq6.79} 


{eq6.80} 


{eq6.8l} 
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where 


(6.81) {eq6.82} 


J(n) := E[U{X^{T))]. 

Note that, in terms of our process x{t,y) we have 

dx{t,y) = 7r{t,y)x{t,y)[bo{t,y)dt + ao{t,y)dB{t) + '^o{t,y)dN{t)]-, t e [0,T] 
x{0,y) = xo{y) > 0 , 

which has the solution 

/■* 1 

x{t,y) = Xo{y)exp{ j {7r{s,y)bo{s,y) --7r‘^{s,y)aQ{s,y) 

+ A ln(l + 7r(s, |/)7o(s, y)) - A7r(s, |/) 7 o(s, y)}ds 
+ / T^{s,y)ao{s,y)dB{s) 


(6.82) {eq6.83} 


+ [ ln(l+ 7r(s,|/)7o(s,|/))diV(s)). 

Jo 

The performance functional gets the form 

(6.83) 

{eq6.84} 

Jill) = E[U{x{T,y))E[5Y{y)\J^T]], 

where 

(6.84) 

{eq6.85} 

n(f) = 7r(f,y). 

In this case the Hamiltonian (j4.1|) gets the form 

(6.85) 

{eq6.86} 

H{t, X, y, TT, p, q, r) = 7rx[bo{t, y)p + ao{t, y)q + A 7 o(f, y)r{y, 1)], 

while the BSDE for the adjoint processes becomes 

( dp{t, y) = -7r(t, y) [6o(t, y)p{t, y) + ao(t, y)q{t, y) + A7o(t, y)r{t, y, l)]dt 

(6.86) 

{eq6.87} 

< +q{t,y)dB{t) + r{t,y,l)dN{t); t>0 
( p{T,y) = U'{x{T,y))E[6Y{y)\BT] 

(6.87) 

{eq6.88} 


If U (x) is the logarithmic utility, i.e. 

U{x) = lnx;x > 0, 


then 

E[ln(x(T,2/))E[(5y(y)|Jr]] = ^[{J {n{t,y)bo{t,y) - ^7i^{t,y)al{t,y) 

+ A ln(l + 7r(t, 2/)7o(t, y)) - Xn{t, y)-fo{t, y))dt 

+ [ T^{t,y)(To{t,y)dB{t) 

Jo 

+ f ln(l + 7r(t,|/)7o(t,|/))c?iV(t)}E[(5y(|/)|J'T]] (6.88) 
Jo 
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We now use the duality formulas, Theorem 7.11 and Theorem 8.5. This enables us to 
write fl6.88p as the expectation of a ds-integral and we get: 


EMx{T,y))E[6Yiy)\J^T]] 


j {7T{t,y)bo{t,y) - y)aQ{t) + Xln{l + Tr{t,y)'yo{t,y)) 

A7r(t, yho{t, y)}dtE[5Y{y) \J^t] 


E[DtE[5Y{y) \J^t] y)ao{t, y)dt 


E[Dt,iE[6Y{y)\J^T]\J^t\ ln(l + 7r{t,y)'yo{t,y))Xdt] 


(6.89) 

(6.90) 


Note that 

DtE[6Y{y)\J^T] = E[Dt6Y{y)\J^T] (6.91) 

and 

A,iE[<5y(2/)| J-r] = E[Dt,^5Y{y)\J^T]. (6.92) 

Therefore, if we substitute this in fl6.89p and take for each t the conditional expectation 
with respect to of the integrand, we get 


E[\n{x{T,y))E[5Y{y)\J^T]] 


E[ j {7i{t,y)bo{t,y) - ^7i^{t,y)a^{t,y) + X\n{l + 7r{t,y)'jo{t,y)) 
Avr(t, yhoit, y)}dtE[5Y{y) |-Tr] 


E[Dt5Y{y) |-Ti]7r(t, y)ao{t, y)dt 


E[Dt,i5Y{y)\J^t] ln(l + 7r(t, |/)7o(t, y))Xdt\ 


(6.93) 


We can maximize this by maximizing the integrand with respect to 7r(t, y) for each t 
and y. Doing this we obtain that the optimal portfolio 7r{t, y) for Problem (16.801) is given 
implicitly as the solution 7r(t, y) of the first order condition 


[bo{t,y) - TT{t,y)(Tl{t,y) 


^7r(t,|/)7g(t,y) 

1 + 7r(t, |/)7o(t, y) 


]E[<5y(|/)|J-,] + a,{t,y)E[DMy)\H 


^ A7o(f,l/) 

l + 7r(f,2/)7o(t,2/) 
If we dehne 

and 


E[A.idr(2/)|-^t] = 0. 

(6.94) 

{eq6.94} 

*(« „) nDMy)\H 

E[6Yiy)\T,] 

(6.95) 

{eq6.95} 

E[dy(y)|J-*] 

(6.96) 

{eq6.96} 












then fl6.94l) can be written 


bo{t^y) - 7r(t,2/)ao(t,2/) 
+ ao{t,y)<l>{t,y) + 


_ ^T^{t,yho{t,y) 

1 + 7r(t,|/)7o(t,|/) 
^lo{t,y) 


l + 7r(t,|/)7o(t,|/) 

Thus we have proved the following theorem: 


T(t,|/) = 0. 


(6.97) {eq6.97} 


Theorem 6.6 The optimal portfolio with respect to logarithmic utility for an insider in the 
market \6. y7p - fl6.78p and with the inside information \3.1\) is given implicitly as the solution 
n(t) = n*(t) of the eguation 


ho{t,Y)-Y[{t)al{t,Y)- 

+ ao(t,r)$(t,y) 


An(t) 7 g(t,y) 
i + n(t)7o(t,n 
^loit.Y) 


i + n(t) 7 o(t,r) 


vi>(t,y) = o, 


(6.98) {eq6.98} 


provided that a solution exists. 


The equation fl6.98l) for the optimal portfolio n(f) holds for a general insider random 
variable Y. In the case when Y is of the form fl2.20p . then we can substitute fl2.22l) . fl2.24p 
and fl2.25p in fl6.95p and fl6.96p . and get a more explicit equation as follows: 


Theorem 6.7 Suppose Y is as in fl2.20p . Then the processes ^it,y) and T(f,|/) in the 
eguation (I6.98p for the optimal portfolio vr(f,|/) have the following expressions: 


where 


^ LFit,x,y)xdx 

lRPi't,x^y)dx 

(6.99) 

lRFi't,x,y)dx 

(6.100) 


(6.101) 

F{t, x,y) = — exp \ixN{t) + ix(3B{t) 

2ti 

+ A(To - f)(e*"^ -l-ix)- ^x‘^P‘^{To - t) - ixy]. 

(6.102) 
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6.5 The general Ito-Levy process case 

We now extend the financial applications in the previous sections to the general case with 
both a Brownian motion component B (t) and a compensated Poisson random measure com¬ 
ponent N{dt, d() = N{dt, d() — u^dQdt, as in Section 2. Thus we consider a financial market 
where the unit price S'o(t) of the risk free asset is 

So{t) = l, te[0,T] (6.103) 

and the unit price process S(t) of the risky asset is given by 


=^(t)[6o(t,r)dt + ao(t,F)d5(t) + 47o(t,>^,C)iV(dt,dC)]; te[o,T] 

1 ^( 0 ) > 0 . 


(6.104) 


Then the wealth process X{t) = W^(t) associated to a portfolio u(t) = n(t), interpreted as 
the fraction of the wealth invested in the risky asset at time t, is given by 

idx{t) =n(f)x(t)[6o(t,r)dt + ao(t,r)di?(f) + 47o(t,i^,C)iV(dt,dC)]; te[0,T] 

|X(0) = xo > 0. 

(6.105) 


Let U he a. given utility function. We want to find If* G .4, such that 


J(n*) = sup j(n), 
ne.4 


where 


J(n) := E[f/(Xn(T))]. 

Note that, in terms of our process x{t, y) we have 


(6.106) 

(6.107) 


dx{t,y) = 7r{t,y)x{t,y)[bo{t,y)dt + ao{t,y)dB{t) + J^'yo{t,yX)N{dt,dC)y, t G [0,T] 
x(0,|/) = xo{y) > 0, 

(6.108) 

which has the solution 

x{t,y) = xo{y)exp{ / {7r{s,y)bo{s,y) - -7r^{s,y)aQ{s,y) 


+ [ln(l + 7r(s, |/)7o(s, y, ()) - 7r(s, y)jo(s, y, C)]j^{dC)}ds 



7r{s,y)ao{s,y)dB{s) 



+ \n{l + 7r{s,y)-fo{s,yX))N{ds,dC)). 


(6.109) 


{eq7.l} 

{eq7.2} 

{eq7.3} 

{eql7>} 

{eql8>} 

{Wealth7} 

{eq7.7} 
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The performance functional gets the form 


J(7r) = E[U{x{T,y))E[5Y{y)\J^T]], (6.110) {eq7.8} 

where 

n(f) = 7r(f, y). (6.111) {eq7.9} 

In this case the Hamiltonian (14. Ij) gets the form 

H{t,x,y,7i,p,q,r) = nx[bo{t,y)p + ao{t,y)q+ / 'yo{t,y,C)r{y,C)^{dC)], (6.112) {eq7.10} 

Jr 

while the BSDE for the adjoint processes becomes 

( dp{t, y) = -7r(t, y) [ho{t, y)p{t, y) + cTo(t, y)q{t, y) + 7o(t, y, C,)r{t, y, C)j^{dC)]dt 

< +q{t,y)dB{t) + J^r{t,y,C)N{dt,dC)-, t>0 
( p{T,y) = U\x{T,y))E[dY{y)\J^T] 

(6.113) {eq7.1l} 

If U{x) is the logarithmic utility, i.e. 

U{x) = lnx;a: > 0, 


then 


T 

E[ln(a;(T,|/))E[(5y(2/)|JT]] = E[{ {7i{t,y)bo{t,y) - ^7i^{t,y)al{t,y) 


+ / / [ln(l + vr(t,|/)7o(t,|/,C))-7r(t,|/)7o(t,|/,C)]i^(dC)}dt 

Jo Jr 

+ f T^{t,y)Mt,y)dB{t) 

Jo 

+ [ [ \n{l + Tr{t,y)-fo{t,yX))N{dt,dC)}E[5Y{y)\J^T]lG.lU) 

Jo Jr 

We now use the duality formulas, Theorem 7.11 and Theorem 8.5. This enables us to 
write (I6.114P as the expectation of a ds-integral and we get: 

E[\n{x{T,y))E[6Yiy)\B'T]] = E[ /" {Tr{t,y)bo{t,y) - l-Ti‘^{t,y)aQ{t,y)}dtE[6Y{y)\B'T] 

Jo ^ 

+ [ /'[ln(l+ vr(t,|/)7o(t,2/,C)) - 7r(t,|/)7o(t,|/,C)]i^(dC)dfE[5y(|/)|J'T] 

Jo Jr 

+ [ E[DtE[5Y{y)\B'T]\B't]Tr{t,y)ao{t,y)dt 

Jo 

+ f / E[A,cE[5Y(|/)|-FT]|-7^t] ln(l + 7r(t,|/)7o(f,|/,C))i^(dC)dt] (6.115) 
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Note that 

AE[<5y(|/)|J-r] = E[DMy)\J^T] (6.116) 

and 

Dt,^E[5Y{y)\J^T] = E[A,c^r(l/)l-^T]. (6.117) 

Therefore, if we substitute this in fl6.115p and take for each t the conditional expectation 
with respect to of the integrand, we get 

E[ln(x(T,|/))E[(5y(|/)|J'T]] = E[ {7r{t,y)bo{t,y) - ^7r^{t,y)al{t,y)}dtE[5Y{y)\J^T] 

+ [ [[M^ + T^{'t,yho{t,yX))-T^i't,y)jo{t,y,C)]t^idC)dtE[5Y{y)\J^T] 
Jo Js. 

+ [ E[Dt5Y{y)\J'tX{t,y)ao{t,y)dt 

Jo 

+ [ [ E[DtXY{y)\J^t\M^ + 7r{t,yho{t,y,C))^{dC)dt\ (6.118) 

Jo Js. 

We can maximize this by maximizing the integrand with respect to 7r(f, y) for each t 

and y. Doing this we obtain that the optimal portfolio 7i{t,y) for Problem fl6.106p is given 

implicitly as the solution 7r(f, y) of the first order condition 


[boi^^y) - 7r(t,2/)cro(t,2/)]E[(5y(|/)|J)] + (To(t, 2/)E[A(5y(l/)|-^t] 

f T^{t,y)ll{b,yX) 


1 + 7r(f,2/)7o(t,|/,C) 

'lojt.yX) 

l + 7r(f,|/)7o(t,2/,C) 


[ndYiy)\J^t] 
E[DtXY{ym = o. 


If we define 

^{t,y) 

and 

^(t,C,2/) 


then fl6.119p can be written 


E[Dt5Y{y)\J^t] 

E[5y(|/)|J-t] 

E[A,c<^y(?/)l-^t] 

nMym 


bo{t,y) - Ti{t,y)al{t,y) 
+ (To{t,y)^{t,y) + 


f Xt,yho{t,y,0 
L ^ + T^{t,yho{t,yX) 
7o{t,yX) 


^{dQ 


l + 7r(f,|/)7o(t,2/,C) 
Thus we have proved the following theorem: 


'^{t,yXX{dQ = 0. 


(6.119) {eq7.14} 


(6.120) {eq8.18} 

(6.121) {eq8.19} 


(6.122) {eq7.20} 
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Theorem 6.8 The optimal portfolio with respect to logarithmic utility for an insider in the 
market H6.103\) - l\^.104:^ and with the inside information H3.1\) is given implicitly as the solution 
n(t) = n*(t) of the eguation 


bo{t,Y)-U{t)al{t,Y) 

+ + [ 

Jr 

provided that a solution exists. 


f n(i)7g(i.K,c) 

K 1 + n(t)7o(t, T, c) 

Jo{t,YX) 


^{dO 


i + n(t) 7 o(t,r,c) 


4>{t,YX)^{dO = Q^ 


(6.123) {eq7.15} 


The equation fl6.123p for the optimal portfolio n(f) holds for a general insider random 
variable Y. In the case when Y is of the form fl2.5l) . then we can substitute fl2.8l) . fl2.14p and 
fl2.12p in fl6.120p and fl6.12ip . and get a more explicit equation as follows: 


Theorem 6.9 Suppose Y is as in fl2.5p . Then the processes ^(t,y) and 4/(t,y,z) in the 
eguation fl6.123p for the optimal portfolio 7r(t, y) have the following expressions: 


<^{t,y) = 


lKF{t,x,y)xdx 

JuFit^^^y)dx 


where 



F{t,x,y) = / exp [ / / ix^jJ{sX)N{ds, d() + / ixl3{s)dB{s) 


fTo 


())u{dC)ds 


fTo 


-x^I3‘^{s)ds — ixy'\ dx. 


(6.124) 

(6.125) 

(6.126) 


(6.127) 


7 Appendix 


For the convenience of the reader, we give in this Appendix a brief survey of the main con¬ 
cepts and results from the theory of Hida-Malliavin calculus and white noise analysis needed 
in the previous sections. For more details see e.g. [BBS], lD0P], |DM0P1) . [H0UZ| . [^2 
and the references therein. 
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7.1 The White Noise Probability Space and Hida-Malliavin Cal¬ 
culus for Brownian motion 


Let iS(M) be the Schwartz space consisting of all real-valued rapidly decreasing functions / 
on R, i.e., 


lim \x‘^f‘^^\x)\ 

|a:|^oo 


= 0 , 


Vn, k > 0 


(7,1) 


For instance functions with compact support e e are all functions in iS(R). For 

any n,k > 0, define a norm ||.||n,fc on iS(R) by 

||/||n,fc = sup (7.2) 


Then (iS(R, {||.||„^fc,?7,, k > 0}) is a topological space. In fact, it is a nuclear space. 

Let iS'(R) be the dual space of iS(R), the space of tempered distributions. Let B denote 
the family of all Borel subsets of iS(R) equipped with the weak topology. 

Theorem 7.1 (Minlos) Let E be a nuclear space with dual space E*. A complex-valued 
function (j) on E is the characteristic functional of a probability measure v on E* ,z.e., 

m = [ E^^’y^duix), yeE (7.3) 

J E* 

if and only if it satisfies the following conditions: 

1 . 0(0) = 1, 


2. 0 is positive definite, 


3. cj) is continuous. 

Remark 1.2 The measure v is uniquely determined by cj). Observe that 0(0) = u{E*). Thus 
when condition (1) is not assumed, then we can only conclude that v is a finite measure. 

Let 0 be a function on iS(R) given by 

0(0 = exp-^I^P, ^ e *S(R) 

where |.| is the L^(R) norm. Then it is easy to check that conditions (1) and (2) are satisfied. 
To check condition (3) note that 

leP = [ l^xWdx 

Jr 

= [ \ax)\^dx+ [ \ax)\^dx 

J|x|<l d\x\>l 

< 2sup|OOr+ / \\xf{x)\^dx 

|3:|<1 d\x\>l ^ 

< 2||Olo,o+sup bOOr / \dx 

|y|>l J |a;|>l ^ 

< 2||e||^,o + 2||OI?,o 


{rapidely c 


{norm on S] 


{Minlos} 
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This shows that 0 is continuous. Therefore, by the Minlos theorem there exists a unique 
probability measure P on iS'(M) such that 

Definition 7.3 The measure P is called the standard Gaussian measure on iS'(M). The 
probability space (iS'(M), ;B, P) is called a white noise space. 

The Schwartz distribution theory on the space M concerns with the following Gel’fand triple 

5(M) C L2(M) c 5'(M) (7.4) 


7.2 The Wiener Ito chaos expansion 


let the Hermite polynomials h„(x) be dehned by 

1 9 d” 19 

h^{x) = —(e- 2 -^) n = 0 , 1 , 2 ,... 

Let Cfe be the kth Hermite function defined by 

efc(a;) := 7r“3((/c - l)!)-^e"^"'^hfc_i(\/2a;), /c = l,2,... (7.5) 

Then {ek\k>i constitutes an orthonormal basis for L^(R) and G iS(M) for all k. Dehne 

9k{oj) := {uj,ek) = / ek{x)dB{x,uj), cu G H (7.6) 

Jr 


Let JT” denote the set of all finite multi-indices a = (oi, Q! 2 i •••, ^m),= I, 2,..., of non¬ 
negative integers Oj. If a = (oi,..., am) G JT”, a 7 ^ 0, we put 

m 

H^{u):=l[h^^{ej{u)), ueQ (7.7) 

i=i 

By a result of ltd we have that 

= llh^M = H^. (7.8) 

i=i 

We set Hq := 1. Here and in the sequel the functions 61 , 62 ,... are dehned in fl7.5p and 0 

and 0 denote the tensor product and the symmetrized tensor product, respectively. 

The family {Ha}a£j is an orthogonal basis for the Hilbert space L^(P). In fact, we have 
the following result. 

Theorem 7.4 The Wiener ltd chaos expansion theorem. The family {Ha\a G fj constitutes 
an orthogonal basis o/L^(P). More precisely, for all Ft -measurable X G L^(P) there exist 
(uniquely determined) numbers c^ G M such that 


Moreover, we have 


X = 5^c„i/«GL2(P). 

(7.9) 

a&J 



(7.10) 


a&J 


{Gelfandl} 


{hermite fi 


{theta_k} 


{H_alpha} 


{I_m} 


(decomposil 


{Norml} 
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Let us compare Theorem fl7.4l) with the equivalent formulation of this theorem in terms of 
iterated ltd integrals. In fact, if ^ 2 , is a real symmetric function in its n variables 

and G that is, 

||^/’||l 2 (r-) := [ / < oo 

then its n-tuple ltd integral is dehned by 

W) := [ 

JR^ 

/ oo rtn rtn-l |•t2 

/ / ••• / i>{ti,t2,...,tn)dB{ti)dB{t2)...dB{tn), 

-OO J —oo J —oo J —oo 

where the integral on the right-hand side consists of n iterated ltd integrals. Note that the 
integrand at each step is adapted to the hltration F. Applying the ltd isometry n times we 
see that 

£[(/ = n\mhimny 

Jr^ 

For n = 0 we adopt the convention that 

/o(V') := [ 'ipdB®^ = 'ip = ||V'||l2(rO), 

JRO 

for ^|J constant. Let denote the set of symmetric real functions on M”, which are 

square integrable with respect to Lebesque measure. Then we have the following result 

Theorem 7.5 The Wiener ltd chaos expansion theorem. For all Bt- measurable X G L^(P) 
there exist (uniquely determined) functions fn G L^(M"') such that 

OO « OO 

n =0 n =0 

Moreover, we have the isometry 

OO 

II^IIl 2 (P) = ^•|l/n||L 2 (R'i) ('^• 12 ) 

n =0 

The connection between these two expansions in Theorem fl7.4p and Theorem fl7.5p is given 
by 

fn= n = 0 , 1 , 2 ,... 

a£j,\a\=n 

where |a| = ai + a 2 ... -I- Om for a = (oi,..., am) G 77, m = 1, 2,... Recall that the functions 
61 , 62 ,... are dehned in fl7.5l) and ( 8 ) and ( 8 ) denote the tensor product and the symmetrized 
tensor product, respectively. Note that since Ha = /^(e®"), for a & J, |a| = m, we get that 

"^!||e®“||L 2 (R-) = «! (7.13) 


{decomposil 


{isometry2j 


{identit} 
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by combining flT.lOp and fl7.12p for X = 

Analogous to the test functions iS(M) and the tempered distributions iS'(M) on the real 
line M, there is a useful space of stochastic test functions (5) and a space of stochastic 
distributions {S') on the white noise probability space. 

In the following we use the notation 

m 

(2N)“ = \[{2j)^^ (7.14) 

i=i 

7.3 The Kondratiev Spaces (<S)i, (<S)_i and the Hida Spaces {S) and 

(SY 

Definition 7.6 Let p he a constant in [0,1]. 

1. Let A; G M. We say that f = 'Yha&j ^ L^(P) belongs to the Kondratiev test 

function Hilbert space {S)k,p if 

(7.15) 

aej 

We define the Kondratiev test function space {S)p as the space 

kes. 

equipped with the projective topology, that is, /„ ^ /, u —)■ cx), in {S)p if and only if 
ll/n - f\\k,p -)■ 0, n cx), for all k. 

2. Let g G M. We say that the formal sum F = ^aHa belongs to the Kondratiev 

stochastic distribution space {S)-q-p if 

ll/llh-. E < «D. (7.16) 

aGj 

We define the Kondratiev distribution space {S)-p by 

(5)_,= 1J(5)_,,_, 

QGR 

equipped with the inductive topology, that is, —)■ F, n —)■ cx), in {S)-p if and only if 

there exists q such that ||F„ — F\\_q_p —)■ 0,n cx). 

3. If p = 0 we write 

(5)o = (5) and (5)_o = (5)h (7.17) 

These spaces are called the Hida test function space and the Hida distribution space, 
respectively. 


{notation} 


{(S)_k norii 


{(S)_{-q} I 
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(yH%Ti — 1 ; 'WG dsflTlG ths QGTlGT(ll%Z€>d GXpGCtttt'lOTl of F hy 

E[i^] = feo- ('^• 18 ) {expectatic 

(Note that if F E L^(P), then the generalized expectation coincides with the usual 
expectation, since ^[Ha] = 0 for all a 0). 

Note that (iS)_i is the dual of (iS)i and (iS)* is the dual of (iS). The action of F = 

^ on / = alia G (iS)i is given by 

(F,/) = y^ alaghg. 

a 

We have the inclusion 

(5)i c (5) c L\P) c (5)* c (5)_i. 


7.4 The Spaces Q and Q*. 

We now introduce another pair of dual spaces, Q and Q*, which is sometimes useful. 


Definition 7.7 1. Let A G M. Then the space Q\ consists of all formal expansions 


X 


oo « 

F / /nrfS®" 

n=0 


such that 

OO 

71=0 

For each A G M, the space Q\ is a Hilbert space with inner product 


(X, y)c;^ — y^n!e^^’^(/„,gf„)L2(Rn) 

n =0 


for every 


OO « 

n=0 


OO p 

Y = J2 3ndB^-. 

n=0 


Note that Ai < A 2 implies Q 2 oQi . Define 


^=n =n 

AgR A>0 


(7.19) {XinG} 


(7.20) {norm G_laii 


(7.21) { inner proc 


(7.22) {G} 


with projective limit topology. 
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2. Q* is defined to be the dual ofQ. Hence 


Gx, (7.23) 

AgR A<0 

with inductive limit topology. 

Remark 7.8 Note that an element Y E G* can be represented as a formal sum 

OO „ 

Y = J2 3ndB^^ (7.24) 

n=0 

where Pn E £^(M") and ||^||g;^ < oo for some A G M, while an X E G satisfies ||A"||g^ < oo 
for all A G M. 

\i X E G and Y E G* ■ have the representations (17.191) and (17.241) . respectively, then the 
action of Y on X, (F, X), is given by 

OO 

= X]’^K/n,fi'n)£2(Kn). (7.25) 

n=0 

One can show that 

(5) C C L\P) CG* c (Sy. 

Finally, we note that, since 

Ho,= [ = J„(e®“), (7.26) 

with a E H, |a| = n, we get 

by (I7.13p . Therefore, for F = E G*, 'we have 

a€j 

for some A G M. 

7.5 The Hida-Malliavin derivative 

Definition 7.9 1. Let F E L^(P) and let h E L^(M) be deterministic. Then the direc¬ 

tional derivative of F in (S)* in the direction h is defined by 

DhF{X) ;= Ihii i[F(X + eh) - F{X)]. (7.27) 

whenever the limit exists in {S)*. 


{G~ast} 


{YinG_ast} 


{duality G' 


{H_alpha} 


{def Idired 
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2. Suppose there exists a function : M ^ (5)* such that J^'ijj(t)h(t)dt converge in (S)* 
and 

DhF = f ij{t)h{t)dh for all h e L2(R), (7.28) 

Jm. 

then we say that F is Hida-Malliavin differentiable in {S)* and we write 

'ij}{t) = DtF, t G M. 

We call DfF the Hida-Malliavin derivative in (5)* or the stochastic gradient of F at 

t. 

3. More generally, if F = £ (‘5)-i we define the Hida-Malliavin derivative of 

F at t by the expansion 


DtF = EE baO^kO-kiffiH^_^{k) 

Oi&J k=l 


(7.29) 


In Aa0PUj Dt it was shown that this is an extension from the space Di ^2 to (iS)_i where £> 1,2 
denotes the classical space of Hida-Malliavin differentiable Ft- measurable random variables. 
The extension is such that for all F G L^(Tj’, P), the following holds: 


Theorem 7.10 1. Let F G (iS)-!. Then D^F G (iS)-! for all t. 


2. Let F G Q*. Then DtF G G* and 'E[DtF\Ft\ G G*. 

3. Let F G L2(Fr,P). Then DtF e (S)*. 

4 . The map (t,u)) 1 — )■ E[ZltF|Ft] belongs to L‘^{Ft,X x P), where A denotes the Lebesgue 
measure on [0,T]. 

5. Moreover, the following generalized Clark-0 cone theorem holds: 

F = E[F]+ [ E[DtF\Ft\dB{t) (7.30) 

Jo 

Notice that by combining Ito’s isometry with the Clark-Ocone theorem, we obtain 


E[ [ E[DtF\Ft]‘^df\ = E[( [ E[DtF\Ft]dB{t)Y] = E[(F2 - E[F]2)] (7.31) 

Jo Jo 


As observed in 
show that: 


A0| and |DM0R| , we can apply the generalized Clark-Ocone theorem to 


Theorem 7.11 (Ceneralized duality formula) 

Let F G L^(F'r,P) and let fit) G L^(A x P) be adapted. Then 

(f){t)dB{t)] =E[[ E[DtF\Ft](l){t)df\ (7.32) 

Jo 



{def2direc1 


{Clark-Ocoi 


{isometryD, 


{duality D 
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Theorem 7.12 Ordinary chain rule. 

1. Let F G L^(P) such that F = J^f{t)dB{t), f G L^(M). Then F is Hida-Malliavin 
differentiable and 

Dt [ fis)dB{s) = f{t)0 - a.a. (7.33) 

Jr 

2. Let F G L^(P) be Hida-Malliavin differentiable in L^(P) for a.a. t. Suppose that 
(j) G C^(M) and (j)'{F)DtF G L^(P x A). Then <f>{F) is Hida-Malliavin differentiable 
and we have 

Dt{(f{F)) = (f{F)DtF, (7.34) 


7.6 The Wick Product 

In addition to a canonical vector space structnre, the spaces (5) and (5)*. also have a 
natural multiplication given by the Wick product. 

Definition 7.13 Let X = o^aHa andY = Yhy^j^pHy be two elements of (S)*. Then 

we define the Wick product of X and Y by 


X oY ^ ^ i^H ^ ^ ( ^ ^ ®o^/j)hhy 

a,j3&J 'y&J o +/3=7 


For example we have 


and more generally 


B{t)oB{t) = B\t)-t 


{[ (j){s)dB{s))o{ f fj{s)dB{s)) = { f (j){s)dB{s)).{ [ fi{s)dB{s)) - 

i/M M t/M t/M 

for all 0, "0 G L^(M). 

We list some properties of the Wick product: 


1. x,Y e (5)i ^XoY e {S)i. 

2. X, F G (5)_1 ^ X o F G (5)_1. 

3. X,F G (5) ^ XoF G (5). 

4. XoF = FoX. 

5. Xo(FoF) = (XoF)oF. 

6. X o (F + Z) = X o F + X o F. 

• kni^fn) ^ Imi^Qm) kn+mi^fn^9m) 


(7.36) 


(j){s)'ip{s)ds (7.36) 
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In view of the properties (1) and (4) we can define the Wick powers {n = 1,2,...) of 
X G (iS)_i as 

;= X o X o ... oX {n times) . 

We pnt := 1. Similarly, we dehne the Wick exponential exp^X of X G (iS)-! by 


exp^X := V ^X^" G (5)_i (7.37) 

n\ 

Tl=0 

In view of the aforementioned properties, we have that 



(X + = x^^ + 2X oY + 

(7.38) 

and also 


exp^(X + Y)= exp'^ X o exp'^ F, 

(7.39) 

for X,y G 5_i. 

Let E[.] denote the generalized expectation. Then we see that 



E[Xoy] = E[x]E[y], 

(7.40) 


for X, y G (>S)_i. Note that independence is not reqnired for this identity to hold. By 
induction, it follows that 

E[exp^X] = expE[X], (7.41) 


for X G (5)_i. 


Theorem 7.14 Wick chain rule. 


1. Let F,G E {S)_i. Then F o G E {S)and 


Dt{FoG) = Fo DtG + DtF oG,tER. 


(7.42) 


2. Let F E (iS)_i. Then 


Dt{F^'^) = o DtF {n = 1, 2,...). 


3. Let F E (iS)_i. Then 

exp^ F = V G (5)_i 

n\ 

71=0 


and 

Dt exp'^ F = exp"^ F o DtF. 


(7.43) 

(7.44) 

(7.45) 
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7.7 Conditional expectation 

If F = J2aej we define its conditional expectation by the expansion 

E[F|Fi]:=5^6«E[i7,|Fi] (7.46) 

a&J 


Then the following holds: 

1. IfF,Ge (5)_i, then E[(FoG')|Ft] G (5)_i and 
E[(FoG)|Ft] =E[F|Fi]oE[G|Ft] 

2. IfF,GG {gy, thenE[(FoG)|Ft] G {Qy. 


7.8 The forward integral with respect to Brownian motion 


The forward integral with respect to Brownian motion was hrst dehned in the seminal paper 
|RV] and fnrther stndied in |RV1] . |RV2] . This integral was introdnced in the modeling of 
insider trading in |B0 and then applied by several anthors in qnestions related to insider 
trading and stochastic control with advanced information (see, e.g., |DM0P2] i. 


Definition 7.15 We say that a stochastic process (j) = 4>{t),t G [0,T], is forward integrable 
(in the weak sense) over the interval [0,T] with respect to B if there exists a process I = 
I{t),t G [0,T], such that 

sup I f (j){s) ——/(t)| —0, e —)■ O’*' (7.47) 

te[o,T] Jo e 


in probability. In this case we write 

I{t)-.= f cf{s)d-B{s) ye [yTl (7.48) 

Jo 

and call I{t) the forward integral of (f with respect to B on [0,f]. 

The following results give a more intuitive interpretation of the forward integral as a limit 
of Riemann sums. 


Lemma 7.16 Suppose 0 is cdgldd and forward integrable. Then 

pT Jn 

/ (t){s)d-B{s) = h^m ^0(tj_i)(R(f^) - B{tj_y) (7.49) 

do ^ 

with convergence in probability. Here the limit is taken over the partitions 
0 = to < ti < ... < tj^ = T of t e [0,T] with At := maxj=i^ jytj — tj-i) —)■ 0, n —)■ cxo. 
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Remark 7.17 From the previous lemma we can see that, if the integrand 0 is IF-adapted, 
then the Riemann sums are also an approximation to the R6 integral of (p with respect to 
the Brownian motion. Hence in this case the forward integral and the R6 integral coincide. 
In this sense we can regard the forward integral as an extension of the ltd integral to a 
nonanticipating setting. 

In the sequel we give some useful properties of the forward integral. The following result is 
an immediate consequence of the dehnition. 

Lemma 7.18 Suppose (p is a forward integrable stochastic process and G a random variable. 
Then the product Gcp is forward integrable stochastic process and 



(7.50) 


The next result shows that the forward integral is an extension of the integral with respect 
to a semimartingale. 

Lemma 7.19 Let G := {Gt,t G [0,T]}(T >0) be a given filtration. Suppose that 

1. B is a semimartingale with respect to the filtration G. 

2. <p is G-predictable and the integral 



(7.51) 


with respect to B, exists. 

Then (p is forward integrable and 



(7.52) 


As a consequence of the above we get the following useful result: 

Lemma 7.20 Let ip{t, y) be an ¥-adapted process for each y G M such that 



exists for each ?/ G M. Let Y be a random variable. Then (p{t, Y) is forward integrable and 



(7.53) 


We now turn to the ltd formula for forward integrals. In this connection it is convenient 
to introduce a notation that is analogous to the classical notation for ltd processes. 


44 


Definition 7.21 A forward process (with respect to B) is a stochastic process of the form 

X{t)=x+ [ u{s)ds + [ v{s)d~B{s), tG[0,T], (7-54) {forward fc 

Jo Jo 

(x constant), where |M(s)|(is < oo, P-a.s. and v is a forward integrable stochastic process. 

A shorthand notation for { 7. 54\j is that 



d X(t) = u(t)dtv(t)d B(t). 

(7,55) 

Theorem 7.22 The one-dimensional ltd formula for forward integrals. 

Let 

d~ X{t) = u{t)dt + v{t)d~B{t) 
be a forward process. Let f G C^’^([0,T] x R) and define 

(7.56) 


f6|0,T|. 

(7.57) 

Y{t),te[0,T], 

is a forward process and 


d-Y{t) 

- Q^i't,X{'t))dt+ g^{t,X{t))d X{t) + ^^^^{t,X{t))v^{t)dt. 

(7.58) 


8 White Noise and Hida-Malliavin Calculus for N{.) 

The construction of a white noise theory and a stochastic derivative (Hida-Malliavin deriva¬ 
tive) in the pure jump martingale case follows the same lines as in the Brownian mo¬ 
tion case. In this case, the corresponding Wiener-Ito chaos expansion Theorem states 
that any F G (where, in this case. Ft = Ft^'^ is the a- algebra generated by 

? 7 (s) = Jg (N{dr, d()-, 0 < s <t) can be written as 

OO 

F = J2Wn); fneViiXxur), ( 8 . 1 ) 

n=0 

where L^((A x z/)") is the space of functions fnifiXi^ ■■■FnXn)Fi £ [0,T],(Cj G Mq such that 
fn G L^((Ax z/)”) and /„ is symmetric with respect to the pairs of variables (fi, Ci), •••, (tn, Cn)- 
It is important to note that in this case the n-times iterated integral In{fn) is taken with 
respect to N{dt,d() and not with respect to drjit). Thus, we define 

Wn) = n\ [ [ Utl,Cl,-,tn,Cn)N{dh,dX) (8.2) 

Jo J Mq Jo J Mq Jo J Mq 

for fn G L^((A X z/)"") The ltd isometry for stochastic integrals with respect to N{dt, d() then 
gives the following isometry for the chaos expansion: 

OO 

||-^||l 2(P) = X]^!||/n||L((Axi.)-) (8-3) 

n=0 
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As in the Brownian motion case, we use the chaos expansion to define the Hida-Malliavin 
derivative. Note that in this case, there are two parameters t, where t represents time and 
C 7 ^ 0 represents a generic jump size. 


8.1 The white noise probability space 

From now on we assume that for every e > 0 there exists p > 0 such that 


(-od 


< oo. 


(8.4) 


This condition implies that the polynomials are dense in T^(/i), where = (‘^di>{(). 

It also guarantees that the measure u integrates all polynomials of degree > 2. 


As in the Brownian motion case, the sample space considered is hi = S'(M), the space 
of tempered distributions on M, which is a topological space. We equip this space with the 
corresponding Borel cr-algebra = ;B(M). By the Bochner-Minlos-Sazonov theorem, there 
exists a probability measure P such that 


where 




'ijj{f{x))dx); 


= f — 1 — iuz)u{dz); 

Jr 


/ e 5(M) 

(8.5) 

= ^/^ 

(8.6) 


and (cu,/) denotes the action of cu G iS'(M) on / G iS(M). The triple (hi, ! 
is called the (pure jump) Levy white noise probability space. 


defined above 


Let Pj{z).^^ 
the Hermite functions. 


defined as in |D0P] then it’s an orthogonal basis for L^(i^). Let be 

Define 


^K{i,j){t,z) = ei{t)pj{z), (8.7) 

where 

«(bj) =J + (* + J-2)(i + i-l)/2. (8.8) 

If a G JT” with Index(Q!) = j and |q!| = m, we define 5®“ by 
S^‘^(ti,Zi, ...,tm,Zm) 

= (8) ... (g) Sf‘^^(ti,Zi, 

(5l (tl, 2)i).. .(5i (taj , Zqii ) ...Sj (tyfi—aj+l ) Zm—otj+l) •■■dj (tmy Zra). 

We set (5®° = 1. Finally, we let <5®" denote the symmetrized tensor product of the 5®": For 
a G JT” define 

(8.9) 

As in the Brownian motion case, one can prove that {Ka}a&j are orthogonal in L^(P) 
and 

l|l^«ll^(P) = «!• (8.10) 


{eq8.4} 


{kappa} 
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We have that, if |a| = m, 

= ||-^a|lL2(P) = ''^•II'^'^'^IIl2((Ax!^)") (8-11) 

By our construction of 5®" we know that any / G >C^((A, z/)"") can be written as 

f{ti,Zi,...,tra,Zra) = (5f"^ O ... ® 6®""^ {ti, Zi, Zm) (8.12) {eq6.40} 

Hence 

Inifn) = ^ CaKa (8.13) 

\a\=n 

This gives the following theorem. 

Theorem 8.1 Chaos expansion. Any F G L^(P) has a unique expansion of the form 

F ='^CaKa (8.14) 

a&J 

with Ca G M. Moreover, 

ll^llhp) = Z“'‘'' (8.15) 

a&J 

Definition 8.2 The Hida-Kondratiev spaces, 0 < p < 1. 

1. Stochastic test functions {S)p. 

Let (iS)p consist of all (f = '^aKa G L^(P) such that 

UWL = Y. “«(aO‘*'’(2N)‘“ < <X., for all k € N, (8.16) 

a&J 

equipped with the projective topology, where as before 

(2N)^“ = JJ(2j)^"^' (8.17) 

i>i 

if Oi = (oi, Oi2,...) G JT”. 

3. Stochastic distributions (S)-p. 

Let (S)-p consist of all expansions F = J2aGj ^^Ka such that 

^ ^2 ^a(Q)0^~^(2N)“'^" < oo, for some g G M, (8.18) 

aej 

endowed with the inductive topology. 

3. As in Section 7 we put (S)o = (S) and (S)-o = (S)*, called the Hida test function 
space and the Hida distribution space, respectively. 


4 . The space {S)-p is the dual of {S)p. In particular, (5)* is the dual of (S). 

If F = J^a&j^aKa G (iS)_p and cf) = J2aej G (‘5)p ,then the action of F on (p is 


{F,(j)) = ^ ao6„a!. 

aej 


(8.19) 
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8.2 The spaces Q and Q* of Smooth and Generalized Random Vari¬ 
ables 

Definition 8.3 1. Let k E No- We say that f = J2m>o ^ L^(P) belongs to the 

space Qk if 

WfWlk ■= < oo- (8-20) 

m>0 

We define the space of smooth random variables Q as 

Q= ( 8 . 21 ) 

fceNo 

The space G is endowed with the projective topology. 

2. We say that a formal expansion 

G=Y,Im{gm) ( 8 . 22 ) 

m>0 


belongs to the space G-q{g E Nq) if 

(8-23) 

m>0 

The space of generalized random variables G* is defined as 

G*= \J G-q (8.24) 

(?eNo 

We eguip G* with the inductive topology. Note that G* is the dual of G, with action 

{G, f) = ^ rnlifm, 5'm)L2((Axi/)-) (8.25) 

m>0 

if G E G* and f eG- Also note that the connection between the expansions 

F=J2Ufm) (8.26) 

m>0 


and 


aej 


(8.27) 


fm=Y. 


is given by 


( 8 . 28 ) 


with the functions <5®“ as in 118.12) . Since this gives 


||-^m(/m) II — '^!||/m|lL2((AX!y)"*) ~ IIII L2(P) (8.29) 

\a\=m 

it follows that we can express the Qr-norm of F as follows: 

uplift = E( E )<="’'”; >• 6 z (s-ao) 

m>0 \cy\=m 

By inspecting Theorem AS.tA) . we find the following chain of continuous inclusions 

{s)cgc l 2 ( p ) eg* c {sy ( 8 . 31 ) 


8.3 The Hida-Malliavin Derivative on Q* 

Definition 8.4 Let F = ^a-^a ^ g* Then define the stochastic derivative of F at 

{t,z) by 


Q. i 

(8.32) 

^ ^ Cq. ^ ^ OiK[k,m)F^_^K{k,m) .ek(t)Pm{,y 

(8.33) 


a k,m 


= E(E 

^ k,m 


with the map k{i,j) in H8.8\) and ^ = (0, 0,1, 0,0) with 1 on the I th position . 


We need the following result. 

Theorem 8.5 1. Let F G g*. Then Dt^zF G X x u - a.e. 

2. Let F G L^(P) be Ft measurable , then K[Dt^zF\Ft],t G [0,T],x; G Mq is an element in 
L^(A X z/ X P) and 

F = E[F]+ [ [ E[Dt,zF\Ft]N{ds,dz). (8.34) 

Jo J Mo 


3. Let F G L^(P) then 



FN{ds,dz)] = E[ 


r 

0 


E[Dt^^F\Ft]h'{dz)df\ 


(8.35) 
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8.4 Ordinary Chain Rules for the Hida-Malliavin Derivative 

Theorem 8.6 1. Product rule. Let F,G ^ Di, 2 - Then FG G 2 

Dt^FG) = FDt,,G + GDt,,F + Dt,,FDt,,G (8.36) 

2. Let F G 2 

= {F + Dt^^Fr - FF (8.37) 

3. Let F G Di ^2 and let cj) be a real continuous function on M. Suppose 4>{F) G L^(P) and 
(l){F + Dt^zF) G L^(P X X X n). Then (j){F) G Di _2 and 

Dt,,4>{F) = ct>{F + A,.F) - 4>{F). (8.38) 

8.5 The Wick Product 

Now we use the chaos expansion in terms of {Ka}aej to dehne the (Poisson random measure 
type) Wick product and study some of its properties. 

Definition 8.7 Let F = 'Yla&j and G = be two elements o/(iS)_i. Then 

we define the Wick product of F and G by 

F o G ^ ^ a^JoyKo^^p ^ ^ ( ^ ^ a^bp^Ky 

'y£j a+fi=^ 

We list some properties of the Wick product: 

1. F,G G (5)i ^FoGe {S)i. 

2. F,Ge (5)_i ^FoGg (5)„i. 

3. F,G G (5)* ^ FoG G (5)*. 

4. F,G G (5) ^ FoG G (5). 

5. FoG = GoF. 

6. Fo{GoH) = {FoG)oH. 

7. F o (G + F) = F o G + F o F. 

8- f^n(/n) ^ kmi^dm') kn+m(^fn'^9m) 

In view of the properties (1) and (4) we can dehne the Wick powers [n = 1,2,...) of 
X G (5)_i as 

:= X o X o ... o X (n times) . 
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We put := 1. Similarly, we define the Wick exponential exp^X of X G (iS)_i by 

exp^X := Vi-X^". (8.39) 

n\ 

n=0 

In view of the aforementioned properties, we have that 

(X + = X^2 + 2X o r + ('g ^O) 

and also 

exp^(X + Y)= exp^ X o exp'^ F, (8.41) 

for X, F G iS_i As before let E[.] denote the generalized expectation. Then we see that 


E[XoF] = E[X]E[F], 


(8.42) 


for X, F G (iS)__i. Note that independence is not required for this identity to hold. By 
induction, it follows that 

E[exp^X] = expE[X], (8.43) 


for X G (>S)_i. 

Example 8.1 C'/ioose h G L^([0, T]) and define F = h{t)dri{t). Then 

FoF = Ii{h{t)z) o h{h{t)z) 

= l2{h{ti)h{t2)ZiZ2) 

= 2 / [{[ f h{ti)h{t2)ziZ2Nidti,dzi))N{dt2,dz2) 

Jo Jm. Jo Jm. 

= 2 f { f h{ti)dr]{ti)h{t2))h{t2)dr]{t2) (8.44) 

Jo Jo 

By the ltd formula, if we put X{t) := fj' h{s)dB{s), 

d{X{t)f = 2X{t)dX{t) + h\t) [ z^N{dt,dz). 

ilR 


Hence ^ 

FoF = 2 f X{s)dX{s) = X2(T) - 

Jo 

In particular, choosing h = 1 we get 



h^{s)z^N{ds, dz). 


p{T)op{T) = r,\T) 



z^N{ds, dz). 


(8.45) 


(8.46) 
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Example 8.2 Wick/Doleans-Dade exponential. 
Choose 7 > — 1 deterministic such that 



/ / { ln(l + 7 (t, z)) + 7 ^(t, z)}iy{dz)dt < oo 

t/ M t/ M 

(8.47) 

and put 

F = exp^{ f f 'y(t, z)N(dt,dz)) 

tJ M. Mq 

(8.48) 

To find an expression for F not involving the Wick product, we proceed as follows: Define 


Y{t) = exp*( / [ 'y{s,z)N{ds,dz)) 

Jo Jro 



= exp^{ [ [ 'y{s, z)N{s, z)u{dz)ds) 

t/ 0 D Mg 

(8.49) 

Then we have 

i ^ =Y{t)o j -f{t,z)N{t,z)u{dz) 
dt Jmo 

(8.50) 

or 

dY{t) = Y{t) [ 'y[t^z)N{dt^dz) 

.yiRn 

(8.51) 

Using ltd calculus the solution of this eguation is 


Y{t) 

= Y{0)exp{f f {ln{l + ^{s,z))-^{s,z)}u{dz)ds 

Jo J Mq 

(8.52) 


+ [ [ +'y{s, z))N{ds,dz)) 

Jo J Rq 

(8.53) 

Comparing the two expressions for Y(t), we conclude that 


exp^( / / 7 (s 

Jm. J IR-o 

,z)N{ds,dz)) = exp( / / {ln(l + 7 ( 5 , z)) — 7 ( 5 , z)}z/((iz)(is 

Jm. J Rq 



+ [ [ + 'j{s,z))N{ds,dz)) 

Jo J Rg 

(8.54) 

In particular, choosing 



'y(s,z) = h(s)z with h G L^(M) 

(8.55) 


we get 



exp*( / h{s)dri{s)) = exp( / / {ln(l + h{s)z) — h{s)z}iy{dz)ds 


ln(l + h{s)z)N{ds, dz)) 



(8.56) 
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8.6 The Wick chain rule for a Poisson random measure 

Theorem 8.8 Let F G (iS)-! and (j) G C^(M) then: 


Dt,,(P%F) = {<pr{F)oDt^,F 
Proof. First note that if is deterministic then 

exp^( [ [ 'ilj{s,C)N{ds,dC)) = Keyip{ [ [ \n{l +'ijj{sX))N{ds,dC)) 

where 

T 

K := exp { f f [ln(l + -0(8, C)) - ^{s, C)X{dC)ds) 

Jo Jr 

Using this and the Wick rule for exp we get 

A,zexp^( f j 'ijj{s,C)N{ds,dO) 

Jo Jr 

= KDt,,exp{ f f ln(l+ 0(s,C))iV(ds,dC)) 

Jo Jr 

= K[exp{ f j ln(l + 0(s,C))iV(ds,ciC) + ln(l + 0(t,2))) 

Jo Jr 

-exp{[ /" ln(l+ '0(s,C))iV(ds,dC))] 

Jo Jr 

= Kexp{ f j ln(l+ 0(s,C))iV(ds,dC)[exp(ln(l+00,^))) - l]) 
Jo Jr 

= exp^(/' ! ip{sX)N{ds,dC))i^{t,z) 


(8.57) 


(8.58) 


(8.59) 


(8.60) 


In view of this, and the fact that the set of linear combinations of exponentials of the form 
above are dense in L‘^{P) we have the result. □ 


8.7 Conditional expectation 

If F = ^aKa G (>S)_i, we define its conditional expectation by the expansion 

E[F\Ft] ■.= J2baE[K^\Ft] (8.61) 

aej 

Then as in Section 7 we have:: 

1. liF,Ge (5)_i, then E[(FoG)|Ft] G (5)_i and 
E[{FoG)\Ft]=E[F\Ft]oE[G\Ft]. 

2. IfF,GG {gy, thenE[(FoG)|Ft] G (^)*. 
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8.8 The Forward Integral for Levy processes 

Definition 8.9 The forward integral 

J{9):= f [ e{t,z)N{d-t,dz) (8.62) 

Jo J Mq 

with respect to the Poisson random measure N of a stochastic function (or random field) 
9{t,z),t G [0,T],z G Mo(T > 0), with 

9{t, z) := 9{u,t, z),u & Q, (8.63) 

and cdgldd with respect to t, is defined as 

J{9)= lim [ [ 9{t, z)lu^N{dt, dz) (8.64) 

if the limit exists in L^(P). Here, Um, m = 1,2,..., is an increasing seguence of compact sets 
Um C Rg := M \ {0} with izifUm) < oo such that limm^.oo Um = 


Remark 8.10 Note that ifM := {Tit,! G [0,T]} is a filtration such that 

1. J-t ^Pit for all t 

2. The process r]{t) = Jq zN{ds,dz),t G [0,T], is a semimartingale with respect to H 

3. The stochastic process 9 = 9(t, z),t E [0, T], G Rq is M-predictable and 
4- The integral 9{t, z)N{dt, dz) exists as a classical R6 integral 

then the forward integral of 9 with respect to N also exists and we have 

pT r rT r 


9{t, z)N{d t, dz) = 


9{t, z)N{dt, dz) 


(8.65) 


This follows from the basic construction of the semimartingale integral. Thus, the forward 
integral can be regarded as an extension of the ltd integral to possibly nonsemimartingale 
contexts. 


Remark 8.11 Directly from the definition we can see that if G is a random variable then 


G 


9{t, z)N{d t, dz) = 


G9{t, z)N{d t,dz) 


( 8 . 66 ) 


As a consequence of the above we get the following useful result (compare with Lemma 7.20): 


54 


Lemma 8.12 Let () be an ¥-adapted proeess for each y eM such that 


f>{t,y,C)N{dt,dC) 


exists for each y G M. Let Y be a random variable. Then (p{t, Y, () is forward integrable and 

[ T{t,y,C)N{d~t,C)= [ ^it,y,C)N{dt,dC)y=Y- (8.67) 

Jo Jo 

Definition 8.13 A forward process is a measurable stochastic function X{t) = X{t,u)),t G 
[0,T],a; G 12, that admits the representation 


X{t)=x+ f [ 6{s,z)N{d s,dz)+ f a{s)ds, 

0 J Mq J 0 

where x = X(0) is a constant. A shorthand notation for H8.68\) is 


(8.68) {forward fc 


d X{t) = / 9{t,z)N{d t,dz) + a{t)dt,X{0) = X. 


(8.69) 


We call d X(t) the forward differential of X(t),t G [0,T]. 


Theorem 8.14 ltd formula for forward integrals. 

Let X{t),t G [0, T], be a forward process of the form (I 8 . 68 p . where 9{t, z),t G [0, T], z G Mq, 
is locally bounded in z near .2 = 0, P x A- a.e., such that 

I \9{t, z)\'^iy{dz)dt < oo a.s.P. (8.70) 

Rq 



Also suppose that \9{t,z)\,t G [0,T],2 ; G Mq? is forward integrable. For any function f G 
C^(M), the forward differential ofY{t) = f{X{t)),t G [0,T], is given by the following for¬ 
mula: 


d-Y{t) = f\X{t))a{t)dt+ [ {f{X{t-) + 9{t,z)) - /(X(r)) - f{X{t-))9{t,z))u{dz)dt 

J Mq 


+ [ {f{X{t-) + 9{t,z))-f{X{t-)))N{d-t,dz). (8.71) 

J Rq 
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